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❞❡ s②♥t❤ét✐s❡r ❧❛ s♣é❝✐✜❝❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ❚✐♠❡❞✲♣▲❚❙s ❡t ❞❡s ❚✐♠❡❞✲♣◆❡ts✳ ❚♦✉t❡s ❝❡s ♥♦t✐♦♥s s♦♥t
✐❧❧✉stré❡s s✉r ✉♥ ❡①❡♠♣❧❡ ❞❡ ❝♦♥❞✉✐t❡ ❛✉t♦♠❛t✐sé❡ ❞❡ ✈é❤✐❝✉❧❡s✱ ✐ss✉❡ ❞✉ ♠♦♥❞❡ ❞❡s s②stè♠❡s ❞❡ tr❛♥s✲
♣♦rt ✐♥t❡❧❧✐❣❡♥ts ✭■❚❙✮❀ ✜♥❛❧❡♠❡♥t ♥♦✉s ✉t✐❧✐s♦♥s ❧❡ ❧♦❣✐❝✐❡❧ ❚✐♠❡❙q✉❛r❡ ♣♦✉r s✐♠✉❧❡r ♥♦tr❡ ♠♦❞è❧❡ ❡t ❡♥
✈ér✐✜❡r ❧❛ ✈❛❧✐❞✐té✳
▼♦ts✲❝❧és ✿ ▼ét❤♦❞❡s ❢♦r♠❡❧❧❡s✱ ❙②stè♠❡s ❞✐str✐❜✉és ❤étér♦❣è♥❡s✱ ❈♦♠♠✉♥✐❝❛t✐♦♥s s②♥❝❤r♦♥❡s ❡t
❛s②♥❝❤r♦♥❡s✱ ▼♦❞ ❧❡s t❡♠♣♦r✐sés✱ ❙②stè♠❡s ❞❡ tr❛♥s♣♦rt ✐♥t❡❧❧✐❣❡♥ts
❚✐♠❡❞✲♣◆❡ts ✶
✶ ■♥tr♦❞✉❝t✐♦♥
❍❡t❡r♦❣❡♥❡♦✉s ❞✐str✐❜✉t❡❞ s②st❡♠s✱ ❛s t❛r❣❡t❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡
♣r♦❝❡ss♦rs ❛r❡ s♣❛t✐❛❧❧② s❡♣❛r❛t❡❞ ❛♥❞ t❤❛t ❛ ❝♦♠♠♦♥ t✐♠❡ ❜❛s❡ ❞♦❡s ♥♦t ❡①✐st✳ ❉✐st✐♥❝t ♣r♦❝❡ss❡s ✐♥
s✉❝❤ s②st❡♠s ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❜② ❡①❝❤❛♥❣✐♥❣ ♠❡ss❛❣❡s ✇✐t❤ ✉♥♣r❡❞✐❝t❛❜❧❡ ✭❜✉t ♥♦♥✲③❡r♦✮
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✈❡❤✐❝❧❡ ❤❛s ❛ ❝♦♠♠♦♥ t✐♠❡ ❜❛s❡ ✭❡✳❣✳ ❧♦❝❛❧ ♣❤②s✐❝❛❧ ❝❧♦❝❦✮✱ t❤❡r❡ ✐s ♥♦ ❣❧♦❜❛❧ ♣❤②s✐❝❛❧ ❝❧♦❝❦ s❤❛r❡❞ ❜②
✈❡❤✐❝❧❡s✳ ■♥ s✉❝❤ ❛ ❝♦♥t❡①t✱ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❜✉✐❧❞ t✐♠❡ ❝♦♥str❛✐♥s ✭❡✳❣✳ ❛❝t✐♦♥ α ❢r♦♠ ♣r♦❝❡ss A ❛♥❞
❛❝t✐♦♥ β ❢r♦♠ ♣r♦❝❡ss B ❤❛♣♣❡♥s ❛t t❤❡ s❛♠❡ t✐♠❡✮ s✐♥❝❡ t❤❡ ♣r♦❝❡ss♦rs ❤❛✈❡ ♥♦ ❝♦♥s✐st❡♥t ✈✐❡✇ ♦❢ t❤❡
t✐♠❡✳
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦♣♦s❡ ❛ t✐♠❡❞ ♠♦❞❡❧ t❤❛t ✐s ❛❜❧❡ t♦ s♣❡❝✐❢② t✐♠❡ ❝♦♥str❛✐♥s ❜❛s❡❞ ♦♥ ❧♦❣✐❝❛❧
t✐♠❡✳ ▲♦❣✐❝❛❧ t✐♠❡ ❤❛s ♣r♦✈❡❞ ✐ts ❜❡♥❡✜ts ✐♥ s❡✈❡r❛❧ ❞♦♠❛✐♥s✳ ■t ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ▲❛♠♣♦rt t♦
r❡♣r❡s❡♥t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❞✐str✐❜✉t❡❞ s②st❡♠s ❬▲❛♠✼✽❪✳ ■t ❤❛s t❤❡♥ ❜❡❡♥ ❡①t❡♥❞❡❞ ❛♥❞ ✉s❡❞ ✐♥ ❞✐str✐❜✉t❡❞
s②st❡♠s t♦ ❝❤❡❝❦ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❝❛✉s❛❧✐t② ♣❛t❤ ❝♦rr❡❝t♥❡ss ❬❋✐❞✾✶❪✳ ▲♦❣✐❝❛❧ t✐♠❡ ❤❛s ❛❧s♦ ❜❡❡♥
✐♥t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ s②♥❝❤r♦♥♦✉s ❧❛♥❣✉❛❣❡s ❬❇❡r✵✵❪ ❬❇▲●❏✾✶❪ ❢♦r ✐ts ♠✉❧t✐❢♦r♠ ♥❛t✉r❡✳ ❚❤❡ ♠✉❧t✐❢♦r♠
♥❛t✉r❡ ♦❢ ❧♦❣✐❝❛❧ t✐♠❡ ❝♦♥s✐sts ✐♥ t❤❡ ❛❜✐❧✐t② t♦ ✉s❡ ❛♥② r❡♣❡t✐t✐✈❡ ❡✈❡♥t ❛s ❛ r❡❢❡r❡♥❝❡ ❢♦r t❤❡ ♦t❤❡r ♦♥❡s✳ ■t
✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss t❡♠♣♦r❛❧ ♣r♦♣❡rt✐❡s ❜❡t✇❡❡♥ ✈❛r✐♦✉s r❡❢❡r❡♥❝❡s✳ ■♥ t❤❡ s②♥❝❤r♦♥♦✉s ❞♦♠❛✐♥ ✐t
❤❛s ♣r♦✈❡❞ t♦ ❜❡ ❛❞❛♣t❛❜❧❡ t♦ ❛♥② ❧❡✈❡❧ ♦❢ ❞❡s❝r✐♣t✐♦♥✱ ❢r♦♠ ✈❡r② ✢❡①✐❜❧❡ ❝❛✉s❛❧ t✐♠❡ ❞❡s❝r✐♣t✐♦♥s t♦ ✈❡r②
♣r❡❝✐s❡ s❝❤❡❞✉❧✐♥❣ ❞❡s❝r✐♣t✐♦♥s ❬❇❉❙✾✶❪✳ ▲♦❣✐❝❛❧ t✐♠❡ ❝❛♥ ❜❡ ♠✉❧t✐❢♦r♠✱ ❛ ❣❧♦❜❛❧ ♣❛rt✐❛❧ ♦r❞❡r ❜✉✐❧t ❢r♦♠
❧♦❝❛❧ t♦t❛❧ ♦r❞❡rs ♦❢ ❝❧♦❝❦s✳ ■♥s♣✐r❡❞ ❜② t❤❡ ❈❈❙▲ ♠♦❞❡❧ ❬❆♥❞✵✾❪✱ ✇❡ ❞❡s✐❣♥ ❝❧♦❝❦ r❡❧❛t✐♦♥s t♦ ❡①♣r❡ss t❤❡
s②st❡♠s ❧♦❣✐❝❛❧ t✐♠❡ ❝♦♥str❛✐♥ts✳ ❙♦ ♦✉r ♠♦❞❡❧ ✐s ❛ ❧♦❣✐❝❛❧ ❝♦♥str❛✐♥t ♠♦❞❡❧ t❤❛t ✐s ❡①♣r❡ss❡❞ ❜② ❛ s❡t ♦❢
❧♦❣✐❝❛❧ ❝❧♦❝❦s ❛♥❞ ❝❧♦❝❦ ❝♦♥str❛✐♥ts✳ ■♥ ❛♥ ❤❡t❡r♦❣❡♥❡♦✉s ❞✐str✐❜✉t❡❞ s②st❡♠ ❞❡s✐❣♥ ❝②❝❧❡✱ ❢r♦♠ ❛♥ ✐♥✐t✐❛❧
s❡t ♦❢ ❛❜str❛❝t t✐♠❡ r❡❧❛t✐♦♥s✱ ❛♥❞ t❤r♦✉❣❤ ❛r❝❤✐t❡❝t✉r❡ ❛♥❞ ♣❧❛t❢♦r♠✲❞❡♣❡♥❞❡♥t ❞❡s✐❣♥ ❞❡❝✐s✐♦♥s✱ t✐♠❡
r❡✜♥❡♠❡♥t st❡♣s t❛❦❡ ♣❧❛❝❡ ✇❤✐❝❤ s♦❧✈❡ ✐♥ ♣❛rt t❤❡ ❝♦♥str❛✐♥ts ❜❡t✇❡❡♥ ❝❧♦❝❦s✱ ❝♦♠♠✐tt✐♥❣ t♦ s❝❤❡❞✉❧❡
❛♥❞ ♣❧❛❝❡♠❡♥t ❞❡❝✐s✐♦♥s✳ ❚❤❡ ✜♥❛❧ ✈❡rs✐♦♥ s❤♦✉❧❞ ❜❡ t♦t❛❧❧② ♦r❞❡r❡❞✱ ❛♥❞ t❤❡♥ s✉❜❥❡❝t t♦ ♣❤②s✐❝❛❧ t✐♠✐♥❣
✈❡r✐✜❝❛t✐♦♥ ❛♥❞ t♦ ♣❤②s✐❝❛❧ ❝♦♥str❛✐♥ts✳
❖✉r ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ ♣◆❡ts ✭♣❛r❛♠❡t❡r✐③❡❞ ♥❡t✇♦r❦s ♦❢ s②♥❝❤r♦♥✐③❡❞ ❛✉t♦♠❛t❛✮❬❇❇❈+✵✾❪✱ ❛♥ ❡①✲
♣r❡ss✐✈❡ ❛♥❞ ✢❡①✐❜❧❡ s❡♠❛♥t✐❝ ♠♦❞❡❧ ❢♦r t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ✭✉♥t✐♠❡❞✮ ❞✐str✐❜✉t❡❞ s②st❡♠s✳
❚❤❡ ♣◆❡t ♠♦❞❡❧ ❞❡s❝r✐❜❡s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❝♦♥❝✉rr❡♥t s②st❡♠s ✐♥ t❡r♠s ♦❢ ✈❛❧✉❡✲♣❛ss✐♥❣ ❧❛❜❡❧❧❡❞ tr❛♥✲
s✐t✐♦♥ s②st❡♠s ✭▲❚❙s✮✱ ❛♥❞ ❡①♣r❡ss❡s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ s②♥❝❤r♦♥✐s❛t✐♦♥ ✇✐t❤ s②♥❝❤r♦♥✐s❛t✐♦♥ ✈❡❝t♦rs
✭♦r✐❣✐♥❛t✐♥❣ ✐♥ ❬❆r♥✾✹❪✮✳ ■t ❛❧❧♦✇s t♦ ♠♦❞❡❧ ❛ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ s②♥❝❤r♦♥✐s❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ❛♥❞ ❤❛s ❜❡❡♥
tr❛❞✐t✐♦♥❛❧❧② ✉s❡❞ ❢♦r s②st❡♠s ♦❢ ❡✐t❤❡r s②♥❝❤r♦♥♦✉s❧② ♦r ❛s②♥❝❤r♦♥♦✉s❧② ❝♦♠♠✉♥✐❝❛t✐♥❣ ♦❜❥❡❝ts✱ ❛♥❞ ♦❢
❞✐str✐❜✉t❡❞ ❝♦♠♣♦♥❡♥ts ❬❇❇❈+✵✾❪✳ ❚❤❡ ✢❡①✐❜✐❧✐t② ♦❢ t❤❡ s②♥❝❤r♦♥✐s❛t✐♦♥ ✈❡❝t♦rs ♠❡❝❤❛♥✐s♠ ♥❛t✉r❛❧❧②
♣r♦✈✐❞❡s ❞❡s❝r✐♣t✐♦♥s ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s s②st❡♠s✱ ❢r♦♠ ♣♦✐♥t✲t♦✲♣♦✐♥t ♦r ♠✉❧t✐♣♦✐♥t s②♥❝❤r♦♥✐s❛t✐♦♥✱ t♦
s♦♣❤✐st✐❝❛t❡❞ ❛s②♥❝❤r♦♥♦✉s q✉❡✉✐♥❣ ♣♦❧✐❝✐❡s✳ P❛r❛♠❡tr✐③❛t✐♦♥ ❛♥❞ ❤✐❡r❛r❝❤② ❛❧s♦ ♠❛❦❡s ♣◆❡t ♠♦❞❡❧s
❝♦♠♣❛❝t✱ ❛♥❞ ❝❧♦s❡ t♦ t❤❡ ♣r♦❣r❛♠ str✉❝t✉r❡✱ ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ❡❛s② t♦ ❣❡♥❡r❛t❡ ✐♥ ❛ ❝♦♠♣♦s✐t✐♦♥❛❧
✇❛② ❬❆❇❍▼❙✶✷❪✳ ❆❧❧ t❤❡s❡ ❛❞✈❛♥t❛❣❡s ❛ttr❛❝t❡❞ ✉s t♦ ❝❤♦♦s❡ ✐t ❢♦r ♠♦❞❡❧❧✐♥❣ t❤❡ s②st❡♠✳ ❍♦✇❡✈❡r✱ ♣◆❡ts
❤❛✈❡ ♥♦ ♠❡❝❤❛♥✐s♠ t♦ ❞❡s❝r✐❜❡ t✐♠❡ ❝♦♥str❛✐♥ts ♥❡✐t❤❡r t♦ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡ ❛s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥
❜❡❤❛✈✐♦rs✳ ❲❡ ♣r♦♣♦s❡ ❛ ♥♦✈❡❧ t✐♠❡❞ ♠♦❞❡❧ ❝❛❧❧❡❞ t✐♠❡❞✲♣◆❡ts ❜② ✐♥tr♦❞✉❝✐♥❣ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s ✐♥t♦
♣◆❡ts✳ ❚❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s r❡♣r❡s❡♥t s②st❡♠✬s ❧♦❣✐❝❛❧ ❝❧♦❝❦s ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥s s♦ t❤❛t t❤❡ s②st❡♠✬s
t✐♠❡✲r❡❧❛t❡❞ ❜❡❤❛✈✐♦r ❝❛♥ ❜❡ s♣❡❝✐✜❡❞✳
■♥ r❡❝❡♥t ✇♦r❦ ❛❜♦✉t ■❚❙✱ ♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ♦♥ ❝②❜❡r✲♣❤②s✐❝❛❧ s②st❡♠s ✭❈P❙✮✱ ♣❡♦♣❧❡ ✉s❡ ♠♦❞❡❧s ✇✐t❤
❝♦♥t✐♥✉♦✉s t✐♠❡✱ t❤❛t ✐s r❡q✉✐r❡❞ ❢♦r ❡①♣r❡ss✐♥❣ t❤❡ s②st❡♠✬s ♣❤②s✐❝❛❧ ❜❡❤❛✈✐♦r ❡✈♦❧✉t✐♦♥ ❛♥❞ ❝♦♥tr♦❧✳ ■♥
t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ ❛❜str❛❝t ♠♦❞❡❧s✱ t❤❛t ❛r❡ ❛♣♣r♦♣r✐❛t❡ t♦ r❡❛s♦♥ ❛❜♦✉t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✱
s②♥❝❤r♦♥✐s❛t✐♦♥✱ ❛♥❞ ♦✈❡r❛❧❧ t✐♠✐♥❣ ❝♦♥str❛✐♥ts ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s s②st❡♠s✳ ❲❡ ❛ss✉♠❡ t❤❛t ✐♥ ♦✉r ♠♦❞❡❧
♣❤②s✐❝❛❧ s✐❣♥❛❧s ❝❛♥ ❜❡ ✇❡❧❧ s❛♠♣❧❡❞ ❛♥❞ tr❛♥s❢♦r♠❡❞ t♦ ❞✐❣✐t❛❧ s✐❣♥❛❧s✳ ❚❤❡r❡❢♦r❡✱ ❡✈❡♥ ✐❢ ✇❡ ❞♦♥✬t ❜✉✐❧❞
❝♦♥t✐♥✉♦✉s t✐♠❡ ♠♦❞❡❧ ❢♦r ♣❤②s✐❝❛❧ ✇♦r❧❞✱ ✇❡ ❞♦ ♥♦t ✐s♦❧❛t❡ ♦✉r ♠♦❞❡❧ ❢r♦♠ ♣❤②s✐❝❛❧ ✇♦r❧❞✳ ❖✉r ♠♦❞❡❧
❘❘ ♥➦ ✽✺✷✻
✷ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
❋✐❣✉r❡ ✶✿ ❚✐♠❡❞✲♣◆❡ts tr❡❡ str✉❝t✉r❡
✐s ❝❛♣❛❜❧❡ t♦ ♠♦♥✐t♦r ❛♥❞ ❝♦♥tr♦❧ ♣❤②s✐❝❛❧ ❜❡❤❛✈✐♦r ❜② t❛❦✐♥❣ s❛♠♣❧✐♥❣ ✈❛❧✉❡s ❢r♦♠ ♣❤②s✐❝❛❧ ✇♦r❧❞✳
■♥ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ❬❈❈▼✶✷❪ ✇❡ ♣r♦♣♦s❡❞ t❤❡ ✜rst ✈❡rs✐♦♥ ♦❢ t✐♠❡❞✲♣◆❡ts✱ ✐♥❝❧✉❞✐♥❣ ❛ ♥♦t✐♦♥ ♦❢
❧♦❣✐❝❛❧ ❝❧♦❝❦s ❞✐r❡❝t❧② ✐♠♣♦rt❡❞ ❢r♦♠ ❈❈❙▲✳ ❆ s❡t ♦❢ ❝❧♦❝❦ ❝♦♥str❛✐♥ts r❡❧❛t❡❞ t♦ t❤❡ ❧♦❣✐❝❛❧ ❝❧♦❝❦s ✇❡r❡
❜✉✐❧t t♦ ❞❡s❝r✐❜❡ t❤❡ s②st❡♠✬s ❝❛s✉❛❧ r❡❧❛t✐♦♥s✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t❡❞ ❛ s✐♠♣❧❡ ✉s❡✲❝❛s❡ ✐♥s♣✐r❡❞ ❢r♦♠ ■❚❙
s②st❡♠s✱ ❛♥❞ s❤♦✇❡❞ ❤♦✇ ✇❡ s✐♠✉❧❛t❡ t❤❡ s❡t ♦❢ t✐♠❡❞✲❛❝t✐♦♥ tr❛❝❡s ❜② ✉s✐♥❣ t❤❡ ❚✐♠❡❙q✉❛r❡ t♦♦❧
❬❉▼✶✷❪✳ ❍♦✇❡✈❡r t❤✐s ♠♦❞❡❧ ✇❛s ♥♦t s✉✣❝✐❡♥t t♦ ❜✉✐❧❞ ❛ ❤✐❡r❛r❝❤✐❝❛❧ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ st❛rt✐♥❣ ❢r♦♠
t✐♠❡❞✲♣▲❚❙s✳
■♥ t❤✐s ♥❡✇ ♣❛♣❡r✱ ✇❡ ❡♥❤❛♥❝❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥❛❧ ❛s♣❡❝ts ♦❢ ♦✉r s♣❡❝✐✜❝❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣②✿ ❛ s②st❡♠ ✐s
♠♦❞❡❧❧❡❞ ❛s ❛ ❤✐❡r❛r❝❤② ♦❢ t✐♠❡❞✲♣◆❡ts ❛s ❋✐❣✳✶✱ ✇❤❡r❡ ❧❡❛✈❡s ❛r❡ t✐♠❡❞✲♣▲❚❙✱ ✐✳❡✳ ✜♥✐t❡ st❛t❡ ♠❛❝❤✐♥❡s
✇✐t❤ ❧♦❣✐❝❛❧ ❝❧♦❝❦s ♦♥ t❤❡ tr❛♥s✐t✐♦♥s✱ ❛♥❞ ♥♦❞❡s ❛r❡ s②♥❝❤r♦♥✐s❛t✐♦♥ ❞❡✈✐❝❡s✳ Pr♦❞✉❝ts ❜❡t✇❡❡♥ s✉❜♥❡ts
❝❛♥ ❜❡ s②♥❝❤r♦♥♦✉s ✭♠♦❞❡❧❧✐♥❣ ❧♦❝❛❧ ❝♦♠♣♦♥❡♥ts s❤❛r✐♥❣ s②♥❝❤r♦♥♦✉s ❝❧♦❝❦s✮✱ ♦r ✐♥✈♦❧✈❡ ❛s②♥❝❤r♦♥♦✉s
❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ ✉♥r❡❧❛t❡❞ ❡✈❡♥ts✱ t❤❛t ✇❡ ♠♦❞❡❧ ❛s ❝❤❛♥♥❡❧s✳
❋r♦♠ s✉❝❤ ❛ ❤✐❡r❛r❝❤✐❝❛❧ ♠♦❞❡❧✱ ✇❡ ♣r♦♣♦s❡ ♣r♦❝❡❞✉r❡s ❢♦r✿
✲ ❛t t❤❡ ❜♦tt♦♠ ❧❡✈❡❧✱ ❛♥❛❧②③✐♥❣ t✐♠❡❞✲♣▲❚❙s✱ ❛♥❞ ❜✉✐❧❞ t❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s ✭s❡ts ♦❢ ❝❧♦❝❦s ❛♥❞
❝❧♦❝❦ ❝♦♥str❛✐♥ts✮ ❡♥❝♦❞✐♥❣ ✐ts t❡♠♣♦r❛❧ ❜❡❤❛✈✐♦✉r✱
✲ ❢♦r ❡❛❝❤ t✐♠❡❞✲♣◆❡ts ♥♦❞❡✱ ❜✉✐❧❞✐♥❣ ❛♥ ❛❜str❛❝t t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ✭❂ ❛t ❧❡✈❡❧ ◆✮✱ ❢r♦♠ ✐ts ❧♦✇❡r✲
❧❡✈❡❧ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s ✭❧❡✈❡❧ ◆✲✶✮✳
❖♥❡ ✐♠♣♦rt❛♥t ♣♦✐♥t ✐s t❤❛t ❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥s ✭❚❙s✮ ❛r❡ ❧♦❣✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s✱ t❤❛t ❝❛♥ ❜❡
❡✐t❤❡r ♣r♦✈✐❞❡❞ ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❞❡s✐❣♥❡r✱ ♦r ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ♠♦❞❡❧✳ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡
t✇♦ ♣r♦❝❡❞✉r❡s ❛❜♦✈❡ ❝❛♥ ❜❡ ✉s❡❞ ❛r❜✐tr❛r✐❧② ✐♥ ❛ ❜♦tt♦♠✲✉♣ ❢❛s❤✐♦♥✱ st❛rt✐♥❣ ✇✐t❤ ❞❡t❛✐❧❡❞ t✐♠❡❞✲♣▲❚❙
❛♥❞ ❛ss❡♠❜❧✐♥❣ t❤❡♠ ✐♥ ❛ ❝♦♠♣❛t✐❜❧❡ ✇❛②❀ ♦r ✐♥ ❛ t♦♣✲❞♦✇♥ ❢❛s❤✐♦♥✱ ❝♦♥str✉❝t✐♥❣ ❚❙s ❢♦r ❛❜str❛❝t
t✐♠❡❞✲♣◆❡ts✱ ✉s✐♥❣ t❤❡✐r ❤♦❧❡s ❚❙s ❛s ❤②♣♦t❤❡s❡s ✐♥ ❛♥ ❛ss✉♠❡✲❣✉❛r❛♥t❡❡ st②❧❡✱ ❛♥❞ ♣r♦✈✐❞✐♥❣ ❧❛t❡r s♦♠❡
s♣❡❝✐✜❝ ✭❝♦♠♣❛t✐❜❧❡✮ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❢♦r t❤❡s❡ ❤♦❧❡s ✐♥ ✈❛r✐♦✉s ❝♦♥t❡①ts✳
❆t ❡❛❝❤ ❧❡✈❡❧✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ ❚✐♠❡❙q✉❛r❡ t♦♦❧❬❉▼✶✷❪ t♦ s✐♠✉❧❛t❡ t❤❡ ♣♦ss✐❜❧❡ ❡①❡❝✉t✐♦♥s ♦❢
❛ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥✳
❚❤✐s r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ❞❡s❝r✐❜❡s t❤❡ ♠❡❛♥✐♥❣ ♦❢ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥
✐♥❝❧✉❞✐♥❣ t❤❡ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥s ♦❢ t✐♠❡❞✲❛❝t✐♦♥s✱ ❧♦❣✐❝❛❧ ❝❧♦❝❦s ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥s✳ ❚❤❡♥ ✇❡ ❣✐✈❡ ❛
❞❡✜♥✐t✐♦♥ ♦❢ t✐♠❡❞✲♣▲❚❙ ✐♥ s❡❝t✐♦♥ ✸✳ ■♥ s❡❝t✐♦♥ ✹ ✇❡ ❞✐s❝✉ss ❤♦✇ t♦ ❜✉✐❧❞ t✐♠❡❞✲♣◆❡ts✳ ❚❤❡ ✐ss✉❡ ♦❢
❝❤❡❝❦✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ♦❢ t✐♠❡❞✲♣◆❡ts ✐s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✺✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❣❡♥❡r❛t✐♥❣ t✐♠❡❞
s♣❡❝✐✜❝❛t✐♦♥ ❢r♦♠ t✐♠❡❞✲♣▲❚❙ ❛♥❞ t✐♠❡❞✲♣◆❡ts ❛r❡ ♣r❡s❡♥t❡❞ r❡s♣❡❝t✐✈❡❧② ✐♥ s❡❝t✐♦♥s ✻✱ ✼✳ ■♥ s❡❝t✐♦♥ ✽
✇❡ ❞✐s❝✉ss ❤♦✇ t♦ ❜✉✐❧❞ ♠✉❧t✐✲❧❛②❡rs t✐♠❡❞✲♣◆❡ts s②st❡♠s✳ ❚❤❡♥ ✐♥ s❡❝t✐♦♥ ✾ ✇❡ r❡♣r❡s❡♥t t❤❡ s✐♠✉❧❛t✐♦♥s
❜② ✉s✐♥❣ ❚✐♠❡❙q✉❛r❡ t♦♦❧✳ ❋✐♥❛❧❧②✱ t❤❡ ♣❛♣❡r ❡♥❞s ✇✐t❤ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ❢✉t✉r❡ r❡s❡❛r❝❤ ❛s ✇❡❧❧ ❛s s♦♠❡
r❡❧❛t❡❞ ✇♦r❦s✳
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✸
❋✐❣✉r❡ ✷✿ ❈❛r ■♥s❡rt✐♦♥
✷ ❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ♣r❡❧✐♠✐♥❛r② ❞❡♥♦t❛t✐♦♥s ❛♥❞ ❞❡✜♥✐t✐♦♥s ♦❢ t✐♠❡❞✲❛❝t✐♦♥s✱ ❧♦❣✐❝❛❧ ❝❧♦❝❦s✱
❝❧♦❝❦ r❡❧❛t✐♦♥s ❛♥❞ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥✳
❲❡ s❤❛❧❧ ✉s❡ ♦♥❡ ❡①❛♠♣❧❡ ✭❋✐❣✳✷✮ t♦ ✐❧❧✉str❛t❡ ❛❧❧ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts✳ ❲❡ ❝❤♦♦s❡ ❛ s♠❛❧❧ s❝❡♥❛r✐♦
t❛❦❡♥ ❢r♦♠ t❤❡ ✜❡❧❞ ♦❢ ■❚❙✳ ■t ✐s ❛❜♦✉t ❛♥ ❛✉t♦♥♦♠♦✉s ❧❛♥❡ ❝❤❛♥❣❡ ✐♥✈♦❧✈✐♥❣ ✸ s♠❛rt ❝❛rs✳ ❚❤❡s❡ ❝❛rs
❛r❡ ❡q✉✐♣♣❡❞ ✇✐t❤ s❡♥s♦rs t♦ ❞❡t❡❝t t❤❡ ♣❤②s✐❝❛❧ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ♣❛r❛♠❡t❡rs ✭❡✳❣✳ s✉❝❤ ❛s ❝❛rs s♣❡❡❞✱
❝❛rs ❞✐st❛♥❝❡✱ ❡t❝✳✮✳ ❆♥❞ t❤❡② ❝♦♠♠✉♥✐❝❛t❡ ❛♠♦♥❣ ❡❛❝❤ ♦t❤❡r t♦ ❝♦♦r❞✐♥❛t❡ t❤❡✐r ♠♦✈❡♠❡♥ts ❛♥❞ ❛✈♦✐❞
❝♦❧❧✐s✐♦♥s✳ ❆ss✉♠❡ t❤❡ t❤r❡❡ ✈❡❤✐❝❧❡s ✭car0✱ car1 ❛♥❞ car2✮ ❛r❡ r✉♥♥✐♥❣ ♦♥ ❛ r♦❛❞ ❛s ❋✐❣✳ ✷✳ ❚❤❡ s❝❡♥❛r✐♦
♦❢ ✐♥s❡rt✐♥❣ car0 ❜❡t✇❡❡♥ car1 ❛♥❞ car2 ♠❛② ❢♦❧❧♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✿ ✵✮ car0 ❣❡ts ❛ ❝❤❛♥❣❡✲❧❛♥❡
r❡q✉❡st ✭❡✳❣✳ ❢r♦♠ ❛ ❤✉♠❛♥ ✉s❡r✮❀ ✶✮ car0 s❡♥❞s ✏♥♦t✐❢②✑ r❡q✉❡sts t♦ car1 ❛♥❞ car2 t♦ ❣❡t ❛♥ ❛❣r❡❡♠❡♥t❀
✷✮ car1 ✭r❡s♣✳ car2✮ ❛❝❦♥♦✇❧❡❞❣❡s car0 ✏②❡s✑ ♦r ✏♥♦✑❀ ✸✮ car0 ❝♦❧❧❡❝ts r❡s✉❧ts ❢r♦♠ car1 ❛♥❞ car2❀ ✹✮ ■❢
❜♦t❤ car1 ❛♥❞ car2 ❛♥s✇❡r ✏②❡s✧✱ car0 s✐❣♥❛❧s t❤❡ ❝♦♥s❡♥s✉s t♦ car1 ❛♥❞ car2 ❛♥❞ t❤❡♥ ❣♦ t♦ st❡♣ ✺✱
♦t❤❡r✇✐s❡ car0 ❛❜♦rts t❤❡ ♣r♦❝❡❞✉r❡❀ ✺✮ car1 s❧♦✇s ❞♦✇♥ ❛♥❞✴♦r car2 s♣❡❡❞s ✉♣ t♦ ❧❡❛✈❡ ♠♦r❡ s♣❛❝❡
❜❡t✇❡❡♥ t❤❡♠ ❢♦r car0❀ ✻✮ car0 ❝❤❛♥❣❡s ✐ts ❞✐r❡❝t✐♦♥ ❛♥❞ ♠♦✈❡s t♦ ❧❛♥❡✷❀ ✼✮ car0 ♥♦t✐✜❡s t❤❡ ❡♥❞ ♦❢ t❤❡
♣r♦❝❡❞✉r❡ ✇✐t❤ ❛ ✑✜♥✐s❤✑ s✐❣♥❛❧✳
❆s ✇❡ ❞♦ ♥♦t ✇❛♥t t♦ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ ❛ s♣❡❝✐✜❝ ❧❛♥❣✉❛❣❡ ❛♥❞ ❛ s♣❡❝✐✜❝ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧✱ ✇❡
❢♦❧❧♦✇ t❤❡ ♣◆❡ts ❛ss✉♠♣t✐♦♥ ♦♥ ❆❝t✐♦♥ ❆❧❣❡❜r❛ LA,P ✇❤✐❝❤ ✐♥❝❧✉❞❡s ❛❧❧ r❡q✉✐r❡❞ ♦♣❡r❛t♦rs ❢♦r ❜✉✐❧❞✐♥❣
❛❝t✐♦♥ ❡①♣r❡ss✐♦♥s ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ ✭P ❛ s❡t ♦❢ ♣❛r❛♠❡t❡rs ✉s❡❞ t♦ ❜✉✐❧❞ ♦♣❡♥ ❡①♣r❡ss✐♦♥s✱ t②♣✐❝❛❧❧②
❡①♣r❡ss✐♥❣ ❞❛t❛ ✈❛r✐❛❜❧❡s✮❬❇❇❈+✵✾❪✳ ❲❡ ❞❡♥♦t❡ ❛♥ ❛❝t✐♦♥ ❢♦r s❡♥❞✐♥❣ ❛ ♠❡ss❛❣❡ ❛s !α(m) ✭m ∈ P✮
❛♥❞ r❡❝❡✐✈✐♥❣ ❛ ♠❡ss❛❣❡ ❛s ?α(m) ✭m ∈ P✮✱ ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ ❈❈❙ ♦r ▲♦t♦s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ ✭✈❛❧✉❡✲
♣❛ss✐♥❣✮ ❈❈❙ ❛❝t✐♦♥ ❝♦✉❧❞ ❜❡ ✏❛❄①✿✐♥t✑✱ ❛♥❞ ❛♥ ♦♣❡♥ ❛❝t✐♦♥ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ▲♦t♦s ❝♦✉❧❞
❜❡ ✏●❄①✿✐♥t❄②✿✐♥t✦①✰②✑✳ ❚❤❡♥ ❢♦r ❜✉✐❧❞✐♥❣ t✐♠❡❞✲❛❝t✐♦♥s ✇❡ ✐♥tr♦❞✉❝❡ T ❛s ❛ s❡t ♦❢ ✭❞✐s❝r❡t❡✮ t✐♠❡❞
✈❛r✐❛❜❧❡s✳ ❆♥❞ ✇❡ ❜✉✐❧❞ t✐♠❡❞ ❡①♣r❡ss✐♦♥s ✉s✐♥❣ ❝❧❛ss✐❝❛❧ ❝♦♥st❛♥ts ❛♥❞ ♦♣❡r❛t♦rs ♦✈❡r ♥❛t✉r❛❧ ♥✉♠❜❡rs✳
❉❡✜♥✐t✐♦♥ ✶ ✭❚✐♠❡❞✲❆❝t✐♦♥s✮✳ ▲❡t T ❜❡ ❛ s❡t ♦❢ ❞✐s❝r❡t❡ t✐♠❡ ✈❛r✐❛❜❧❡s ✇✐t❤ ❞♦♠❛✐♥s ✐♥ t❤❡ ♥♦♥✲
♥❡❣❛t✐✈❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs N✳ ❚❤❡ ❚✐♠❡❞✲❛❝t✐♦♥ ❆❧❣❡❜r❛ LA,T ,P ✐s ❛♥ ❛❝t✐♦♥ s❡t ❜✉✐❧t ♦✈❡r T ❛♥❞ P✳ ❲❡
❝❛❧❧ α(p)t ∈ LA,T ,P ❛ t✐♠❡❞✲❛❝t✐♦♥ ✐♥ ✇❤✐❝❤ α ∈ A ✐s ❛♥ ❛❝t✐♦♥✱ p ∈ P ✐s ❛ ♣❛r❛♠❡t❡r✱ t ∈ T ✐s ❛ t✐♠❡
✈❛r✐❛❜❧❡ ❞❡s❝r✐❜✐♥❣ ❛ t✐♠❡ ❞❡❧❛② ❜❡❢♦r❡ t❤❡ ❛❝t✐♦♥ ❝❛♥ ❜❡ ❡①❡❝✉t❡❞✱
❲❡ s❡t α0 = α✱ ✇❤✐❝❤ ♠❡❛♥s t❤❡ ❛❝t✐♦♥ α ✐s ❛❧✇❛②s r❡❛❞②✳
❲❡ ❞❡✜♥❡ ❛ ❈❧♦❝❦ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ ❛ t✐♠❡❞✲❛❝t✐♦♥✳ ❚❤❡ ❝❧♦❝❦✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❈❈❙▲✱
✐s ❛ ❧♦❣✐❝❛❧ ❝❧♦❝❦✱ ✇❤✐❝❤ ✐s ✜rst❧② ♣r♦♣♦s❡❞ ❜② ▲❛♠♣♦rt❬▲❛♠✼✽❪✳ ❚❤❡ ❧♦❣✐❝❛❧ ❝❧♦❝❦ ♠❡❛♥s t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ ♦❝❝✉rr❡♥❝❡s ✐s ♥♦t r❡❧❛t❡❞ ✇✐t❤ t❤❡ ♣❛ss❛❣❡ ♦❢ r❡❛❧ t✐♠❡✳
❚♦ ♣r❡s❡r✈❡ t❤✐s ✐♥❞❡♣❡♥❞❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥② ♥♦t✐♦♥ ♦❢ ❣❧♦❜❛❧ t✐♠❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s
❛♥❞ ♣r♦♦❢s✱ ✇❡ ✉s❡ ♦♥❧② t❤❡ ♥♦t✐♦♥s ♦❢ ❝♦✲♦❝❝✉rr❡♥❝❡ ✭α❴i ≡ β❴j✮✱ ❛♥❞ ♦❢ ♣r❡❝❡❞❡♥❝❡ ✭α❴i ≺ β❴j✮ ♦❢
❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡s✳ ❚❤✐s ✇✐❧❧ st❛② ✈❛❧✐❞ ✐♥ ❛♥② ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❧♦❣✐❝❛❧ t✐♠❡ s❝❛❧❡s✳
❉❡✜♥✐t✐♦♥ ✷ ✭❈❧♦❝❦✮✳ ❆ ❈❧♦❝❦ Cα ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ ❛ t✐♠❡❞✲❛❝t✐♦♥ α(p)t✳ ❲❡ ✇r✐t❡✿
❘❘ ♥➦ ✽✺✷✻
✹ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
❋✐❣✉r❡ ✸✿ ❝♦✉♥t t❤❡ ❞❡❧❛② tαi ✇❤❡♥ Cα ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❝❧♦❝❦
❋✐❣✉r❡ ✹✿ ❝♦✉♥t t❤❡ ❞❡❧❛② tαi ✇❤❡♥ Cβ ≺ Cα
Cα = {α(p1)
tα1❴1, α(p2)
tα2❴2, . . . , α(pi)
tαi❴i, . . .} (i ∈ N)✱ ✐♥ ✇❤✐❝❤ α(pi)
tαi❴i ❞❡♥♦t❡s t❤❡ ith ♦❝❝✉r✲
r❡♥❝❡ ♦❢ ❝❧♦❝❦ Cα✳
❋♦r s✐♠♣❧✐✜❝❛t✐♦♥✱ ✐♥ ♦✉r ♣❛♣❡r✱ ❛♥ ♦❝❝✉rr❡♥❝❡ α(pi)tαi❴i ❝❛♥ ❜❡ ❞❡♥♦t❡❞ ❛s α❴i ❢♦r s❤♦rt ✇❤❡♥ ♥♦t
❛♠❜✐❣✉♦✉s✳
❚❤❡ ❛ss✐❣♥♠❡♥t ♦❢ t❤❡ ❞❡❧❛② ✈❛r✐❛❜❧❡ tαi ✐♥ ❡❛❝❤ ♦❝❝✉rr❡♥❝❡ α(pi)
tαi❴i ❝❛♥ ❜❡ ❞✐✛❡r❡♥t✳ ❚❤❡ ❞❡❧❛②
✈❛r✐❛❜❧❡ ❝❛♣t✉r❡s t❤❡ ♠✐♥✐♠✉♠ t✐♠❡ ✭❞❡❧❛②✮ t❤❛t ❛♥ ❛❝t✐♦♥ ♠✉st ✇❛✐t ❜❡❢♦r❡ ✐t ❝❛♥ ♦❝❝✉r ❛❢t❡r t❤❡
♣r❡✈✐♦✉s ❛❝t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❤❡♥ ❛ ❝❧♦❝❦ ✐s ✐♥❞❡♣❡♥❞❡♥t ✭❤❛s ♥♦ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥ ✇✐t❤ ❛♥♦t❤❡r
❝❧♦❝❦✮✱ t❤❡ ❞❡❧❛② ✐s ❝♦✉♥t❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ s❛♠❡ ❛❝t✐♦♥ ❛s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳ ✸✳ ■❢
❛ ❝❧♦❝❦ Cβ ❞✐r❡❝t❧② ♣r❡❝❡❞❡s ❛ ❝❧♦❝❦ Cα✱ t❤❡♥ t❤❡ ❞❡❧❛② ♦❢ t❤❡ ith ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ t✐♠❡❞✲❛❝t✐♦♥ α ✐s
❝♦✉♥t❡❞ ❢r♦♠ t❤❡ ith ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ t✐♠❡❞✲❛❝t✐♦♥ β ❛s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳ ✹✳ ❚❤❡ r❡❧❛t✐♦♥ ♦❢ ❝♦✐♥❝✐❞❡♥❝❡
✭❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✮ ❞♦❡s ♥♦t ❡✛❡❝t ♦♥ t❤❡ ✇❛② ♦❢ ❝♦✉♥t✐♥❣ t❤❡ ❞❡❧❛②✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡r❡
✐s ❛♥♦t❤❡r ❝❧♦❝❦ Cγ t❤❛t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝❧♦❝❦ Cα✱ t❤❡♥ t❤❡ ❞❡❧❛② tαi ✐s st✐❧❧ ❜❡ ❝♦✉♥t❡❞ ❛s s❤♦✇♥ ✐♥
t❤❡ ❋✐❣✳✹✳
❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❞❡✜♥❡ ❤❡r❡ t✇♦ ♦♣❡r❛t♦rs ♦♥ ❈❧♦❝❦s✱ ❡①♣r❡ss✐♥❣ r❡s♣❡❝t✐✈❡❧② t✐♠❡ s❤✐❢t✱ ❛♥❞
✜❧t❡r✐♥❣✿
❉❡✜♥✐t✐♦♥ ✸ ✭❈❧♦❝❦ ❖✛s❡t✮✳ ▲❡t Cα ❜❡ ❛ ❝❧♦❝❦ ❜✉✐❧t ♦✈❡r ❛ t✐♠❡❞✲❛❝t✐♦♥ α✱ Cα[i] ❜❡ t❤❡ ith ♦❝❝✉rr❡♥❝❡
♦❢ t❤❡ ❝❧♦❝❦ Cα✳ ❚❤❡ n
th ♦✛s❡t ♦❢ t❤❡ ❝❧♦❝❦ Cα ✐s t❤❡ ❝❧♦❝❦ ❞❡✜♥❡❞ ❛s✿ C
∆(n)
α = {Cα[n + 1]❴1, Cα[n +
2]❴2, . . . , Cα[n+ i]❴i, . . .}✳
❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ (n + 1)th ♦❝❝✉rr❡♥❝❡ ♦❢ Cα ❜❡❝♦♠❡s t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡ ♦❢
t❤❡ ♥❡✇ ❝❧♦❝❦ C∆(n)α ✱ ❛♥❞ s♦ ♦♥✳
❉❡✜♥✐t✐♦♥ ✹ ✭❈❧♦❝❦ ❋✐❧t❡r✐♥❣✮✳ ❆ss✉♠❡ N ′ ✐s ❛ s✉❜s❡t ♦❢ N✳ ▲❡t Cα ❜❡ ❛ ❝❧♦❝❦ ❜✉✐❧t ♦✈❡r ❛ t✐♠❡❞✲❛❝t✐♦♥
α✳ ❚❤❡ ♥❡✇ ❝❧♦❝❦ t❤❛t ✐s ✜❧t❡r❡❞ ❢r♦♠ t❤❡ ❝❧♦❝❦ Cα ❜② N
′ ✐s ❞❡♥♦t❡❞ ❛s
CN
′
α = {Cα[i1]❴1, Cα[i2]❴2, . . . Cα[ik]❴j, . . .}(i1, i2, . . . ik, . . . ∈ N
′, i1 < i2 < . . . < ik, . . . , j, k ∈ N)✳
❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ✇✐❧❧ ✇r✐t❡ t❤❡ ✜❧t❡r N ′ ❡✐t❤❡r ❛s ❛ ❜♦♦❧❡❛♥ ❢✉♥❝t✐♦♥ ♦✈❡r N✱ ♦r ❛s ❛ s✉❜s❡t ♦❢
N✱ ❡✳❣✳✿ C{2n−1}n∈Nα ❛❝❝❡♣ts ♦♥❧② t❤❡ ♦❞❞ ♦❝❝✉rr❡♥❝❡s ♦❢ t❤❡ ❝❧♦❝❦ Cα✳ C
{n≥8}
α ✜❧t❡rs ♦✉t t❤❡ ✜rst ✽
♦❝❝✉rr❡♥❝❡s✳
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✺
❙♦ ✐❢ Cα = {α(p1)tα1❴1, α(p2)tα2❴2, . . . , α(pi)tαi❴i, . . .}✱
t❤❡♥ C{2n−1}n∈Nα = {α(p1)tα1❴1, α(p3)tα3❴2, . . . α(p(2n−1))
tα(2n−1)❴n, . . .}
❛♥❞ C{n≥8}α = {α(p8)tα8❴1, α(p9)tα9❴2, . . .}
❋✐♥❛❧❧② ✇❡ ❞❡✜♥❡ ❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥s✿ ❛ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ s❡t ♦❢ ❧♦❣✐❝❛❧ ❝❧♦❝❦s✱
t♦❣❡t❤❡r ✇✐t❤ ❛ s❡t ♦❢ ❝❧♦❝❦ r❡❧❛t✐♦♥s✱ ❡①♣r❡ss✐♥❣ t❤❡ t❡♠♣♦r❛❧ ♦r❞❡r✐♥❣ ❝♦♥str❛✐♥ts ❜❡t✇❡❡♥ t❤❡ ❝❧♦❝❦s✳
❚❤✐s ✐s ❛♥ ❛❜str❛❝t s♣❡❝✐✜❝❛t✐♦♥ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ❝❛♣t✉r❡s ❥✉st ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ t♦ ❝❤❡❝❦ t❤❡
t✐♠❡ s❛❢❡t② ✭✈❛❧✐❞✐t② ♦❢ t✐♠❡ r❡q✉✐r❡♠❡♥ts✮ ♦❢ ❛ s②st❡♠✱ ❜✉t ❛❧s♦ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② r❡❧❛t✐♦♥ r❡q✉✐r❡❞ ❢♦r
❛ss❡♠❜❧✐♥❣ s✉❜✲s②st❡♠s t♦❣❡t❤❡r✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s ✇❡ s❤❛❧❧ ❞❡s❝r✐❜❡ ♣r♦❝❡❞✉r❡s t♦ ❝♦♠♣✉t❡ t❤❡ ❚✐♠❡❞
❙♣❡❝✐✜❝❛t✐♦♥s ♦❢ s②st❡♠s ✭t✐♠❡❞✲♣▲❚❙ ❛♥❞ t✐♠❡❞✲♣◆❡ts✮✱ ❛♥❞ t♦ ❝❤❡❝❦ ❝♦♠♣❛t✐❜✐❧✐t②✳
❉❡✜♥✐t✐♦♥ ✺ ✭❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥✮✳ ▲❡t Ic ❜❡ t❤❡ s❡t ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ t❤❡ ❝❧♦❝❦ c✳ ❆ ❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥
✐s ❛ ♣❛✐r < C,R > ✇❤❡r❡ C ✐s ❛ s❡t ♦❢ ❝❧♦❝❦s✱ R ✐s ❛ s❡t ♦❢ ❝❧♦❝❦ r❡❧❛t✐♦♥s ♦♥
⋃
c∈C Ic✳
✷✳✶ ❙②♥t❛① ❛♥❞ ❙❡♠❛♥t✐❝ ♦❢ ❈❧♦❝❦ ❘❡❧❛t✐♦♥s
❆ ❈❧♦❝❦ ❘❡❧❛t✐♦♥ ❞❡✜♥❡s t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝❧♦❝❦s✳ ❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r✐❣✐♥❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❧♦❝❦
r❡❧❛t✐♦♥s ✐♥ ❈❈❙▲ ❬❆♥❞✵✾❪✱ ✇❡ ❤❛✈❡ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❣♦❛❧s✱ ❛♥❞ ❞✐✛❡r❡♥t ♥❡❡❞s✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❞♦ ♥♦t
♥❡❡❞ ❡①❝❧✉s✐♦♥ ✭t❤❛t ✐s ♠♦st ✐♠♣♦rt❛♥t ✇✐t❤ s♦♠❡ ❢❛♠✐❧✐❡s ♦❢ r❡❛❝t✐✈❡ ❢♦r♠❛❧✐s♠s✮✳ ❲❡ ❞♦ ♥♦t ❞❡✜♥❡
✏s✉❜❝❧♦❝❦✑ r❡❧❛t✐♦♥ ✐♥ t❤✐s ♣❛♣❡r ❜❡❝❛✉s❡ ✇❡ ♥❡❡❞ ❛ ♠♦r❡ ❝♦♥❝r❡t❡ ✇❛② t♦ ❞❡✜♥❡ ❤♦✇ t♦ ❜✉✐❧❞ ❛ ♥❡✇
s✉❜❝❧♦❝❦ ❢r♦♠ ♦r✐❣✐♥❛❧ ♦♥❡✳ ■♥st❡❛❞✱ ✇❡ ❞❡✜♥❡❞ ✏❝❧♦❝❦ ✜❧t❡r✐♥❣✑ ✇❤✐❝❤ ❝❛♥ s♣❡❝✐❢② t❤❡ ✇❛② ♦❢ s❡❧❡❝t✐♥❣
❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡s✳ ❚❤❡r❡❢♦r❡✱ ❤❡r❡ ✇❡ ♦♥❧② ❞❡✜♥❡ t✇♦ r❡❧❛t✐♦♥ ♦♣❡r❛t✐♦♥s ✭✬≺✬✱ ✬=✬✮ t♦ ❞❡s❝r✐❜❡ t❤❡
❞✐✛❡r❡♥t ❞❡♣❡♥❞❡♥❝❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❝❧♦❝❦s✳
❋✐❣✉r❡ ✺✿ ❈♦♥str❛✐♥ts
❼ ❚❤❡ r❡❧❛t✐♦♥ ✬Cα = Cβ ✬ ✭Cα ❝♦✐♥❝✐❞❡s ✇✐t❤ Cβ✮ ❞❡s❝r✐❜❡s t❤❡ str✐❝t s②♥❝❤r♦♥✐③❛t✐♦♥ ♦❢ ❝❧♦❝❦s✳ ■t
♠❡❛♥s t❤❛t t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ Cα ❛♣♣❡❛rs ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ Cβ ❛♣♣❡❛rs✳ ■♥ ❛♥♦t❤❡r
✇♦r❞✱ t❤❡ ❝❧♦❝❦ Cα ❛♥❞ Cβ t✐❝❦ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❋♦r♠❛❧❧②✱ JCα = CβK = ∀i ∈ N, (α❴i ≡ β❴i)
✭s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✭✶✮✮✳ ❚❤✐s ♦♣❡r❛t♦r ❝❛♥ ♥❛t✉r❛❧❧② ❜❡ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥✳
❼ ❚❤❡ r❡❧❛t✐♦♥ ✬Cα ≺ Cβ ✬ ✭Cα ♣r❡❝❡❞❡s Cβ✮ ❞❡s❝r✐❜❡s t❤❡ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥ ♦❢ ❝❧♦❝❦s✳ ■t s❛②s t❤❛t
t❤❡ ❛❝t✐♦♥ β ❢r♦♠ t❤❡ ❝❧♦❝❦ Cβ ❝❛♥♥♦t ♦❝❝✉r ✉♥t✐❧ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❝t✐♦♥ α ✐♥ t❤❡ ❝❧♦❝❦ Cα
♦❝❝✉rs✳ ■♥ ❛♥♦t❤❡r ✇♦r❞✱ ❝❧♦❝❦ Cα t✐❝❦s ❛❧✇❛②s ❡❛r❧✐❡r t❤❛♥ ❝❧♦❝❦ Cβ ✳ ❋♦r♠❛❧❧② JCα ≺ CβK = ∀i ∈
N, (α❴i ≺ β❴i)✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✭✷✮✱ t❤❡ ith ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ ❝❧♦❝❦ Cα ❛❧✇❛②s ❛♣♣❡❛rs ❡❛r❧✐❡r
t❤❛♥ t❤❡ ith ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ ❝❧♦❝❦ Cβ ✳ ❚❤❡ r❡❧❛t✐♦♥ ✉s✉❛❧❧② r❡❧❛t❡s t♦ t❤❡ ❝❛✉s❛❧✐t② ✐♥❞✉❝❡❞ ❜②
❛s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥✳
❘❘ ♥➦ ✽✺✷✻
✻ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
✷✳✷ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❧♦❣✐❝❛❧ ❝❧♦❝❦ r❡❧❛t✐♦♥s
◆♦t s✉r♣r✐s✐♥❣❧②✱ t❤❡s❡ r❡❧❛t✐♦♥s ❤❛✈❡ t❤❡✐r ❡①♣❡❝t❡❞ ♣r♦♣❡rt✐❡s✿ ❝♦✐♥❝✐❞❡♥❝❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✱
❛♥❞ ♣r❡❝❡❞❡♥❝❡ ✐s ❛ str✐❝t ♣r❡✲♦r❞❡r✳
Pr♦♣♦s✐t✐♦♥ ✶ ✭Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❈♦✐♥❝✐❞❡♥❝❡ ❘❡❧❛t✐♦♥ ✬❂✬✮✳ ●✐✈❡♥ ❛ s❡t ♦❢ ❝❧♦❝❦s C ✳ ❚❤❡ r❡❧❛t✐♦♥ ✬❂✬
♦♥ t❤❡ s❡t C ✐s r❡✢❡①✐✈❡✱ s②♠♠❡tr✐❝ ❛♥❞ tr❛♥s✐t✐✈❡✳
Pr♦♦❢✿ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ≡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦♥ t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡s✳
✭✶✮ ❈❤♦♦s❡ ❛♥② ❝❧♦❝❦ Cα ∈ C✳ ▲❡t ✐ts ith ✭i ∈ N✮ ♦❝❝✉rr❡♥❝❡ ❜❡ α❴i✳ ❚❤❡ ♦❝❝✉rr❡♥❝❡ α ❝♦✐♥❝✐❞❡s ✇✐t❤
✐ts❡❧❢✳ ❙♦ ✇❡ ❦♥♦✇ Cα = Cα❀ t❤❡ ❝♦✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥ ✐s r❡✢❡①✐✈❡✳ ✭✷✮ ◆♦✇ ❝❤♦♦s❡ ❛♥♦t❤❡r ❝❧♦❝❦ Cβ ∈ C✳
■❢ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥ ♦❢ Cα = Cβ ✱ t❤❡♥ ✇❡ ❦♥♦✇ t❤❛t ∀i ∈ N✱ α❴i ≡ β❴i✱ ✇❤✐❝❤ ♠❡❛♥s t❤❡ ❛❝t✐♦♥ α
♦❝❝✉rs ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❛❝t✐♦♥ β ♦❝❝✉rs✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ s②♠♠❡tr✐❝ r❡❧❛t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r ✏≡✑✱ ✇❡
❦♥♦✇ t❤❛t t❤❡ ❛❝t✐♦♥ β ♦❝❝✉rs ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❛❝t✐♦♥ α ♦❝❝✉rs✳ ❙♦ ✇❡ ❤❛✈❡ ∀i ∈ N✱ β❴i ≡ α❴i✳ ❲❡
❦♥♦✇ Cβ = Cα❀ t❤❡ ❝♦✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥ ✐s s②♠♠❡tr✐❝✳ ✭✸✮ ❝❤♦♦s❡ ❛♥♦t❤❡r ❝❧♦❝❦ Cγ ∈ C✳ ■❢ ✇❡ ❤❛✈❡
r❡❧❛t✐♦♥ Cα = Cβ ❛♥❞ Cβ = Cγ ✱ t❤❡♥ ∀i ∈ N✱ α❴i ≡ β❴i ∧ β❴i ≡ γ❴i✳ ❋r♦♠ t❤❡ tr❛♥s✐t✐✈✐t② r❡❧❛t✐♦♥ ♦❢
✏≡✑✱ ✇❡ ✐♥❢❡r ∀i ∈ N, α❴i ≡ γ❴i❀ s♦ ✇❡ ❦♥♦✇ Cα = Cγ ❀ t❤❡ ❝♦✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥ ✐s tr❛♥s✐t✐✈❡✳
Pr♦♣♦s✐t✐♦♥ ✷ ✭❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ Pr❡❝❡❞❡♥❝❡ ❘❡❧❛t✐♦♥ ′ ≺′✮✳ ●✐✈❡♥ ❛ ❝❧♦❝❦ s❡t C✳ ❚❤❡ r❡❧❛t✐♦♥ ′ ≺′ ♦♥
t❤❡ s❡t C ✐s tr❛♥s✐t✐✈❡✱ ❜✉t ♥♦t r❡✢❡①✐✈❡✱ ♥♦t s②♠♠❡tr✐❝✳
❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ♦♥ t❤❡ r❡❧❛t✐♦♥ ≺ ♦♥ ♦❝❝✉rr❡♥❝❡s✳ ❚❤❡ ♣r♦♦❢s ❛r❡ s✐♠✐❧❛r t♦
t❤♦s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳
Pr♦♣♦s✐t✐♦♥ ✸ ✭❙✉❜st✐t✉t✐✈✐t② ♦❢ ✧❂✧✮✳ ●✐✈❡♥ ❢♦✉r ❝❧♦❝❦s Cα✱ Cβ✱ Cγ ✱ Cη ✇❤✐❝❤ ❛r❡ ❜✉✐❧t ♦♥ t❤❡ t✐♠❡❞✲
❛❝t✐♦♥ α✱ β✱ γ ❛♥❞ η s❡♣❛r❛t❡❧②✳ ▲❡t Cα = Cβ ❛♥❞ Cγ = Cη✳ ■❢ Cα ≺ Cγ ✱ t❤❡♥ ✇❡ ❤❛✈❡ Cβ ≺ Cη✳
Pr♦♦❢✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦✐♥❝✐❞❡♥❝❡ ❞❡✜♥✐t✐♦♥✱ Cα = Cβ ⇒ ∀i, α❴i ≡ β❴i✱ ❛♥❞ Cγ = Cη ⇒ ∀i, γ❴i ≡
η❴i✳ ■❢ Cα ≺ Cγ ✱ t❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡❝❡❞❡♥❝❡ ❞❡✜♥✐t✐♦♥✱ ✇❡ ❦♥♦✇ ∀i, α❴i ≺ γ❴i✱ ✇❤✐❝❤ ♠❡❛♥s t❤❡
❛❝t✐♦♥ α ❛❧✇❛②s ♦❝❝✉rs ❡❛r❧✐❡r t❤❛♥ t❤❡ ❛❝t✐♦♥ γ✳ ❙✐♥❝❡ ∀i, α❴i ≡ β❴i t❡❧❧s ✉s t❤❡ ❛❝t✐♦♥ α ♦❝❝✉rs ✐❢ ❛♥❞
♦♥❧② ✐❢ t❤❡ ❛❝t✐♦♥ β ♦❝❝✉rs✱ s♦ ✇❡ ❦♥♦✇ β ❛❧✇❛②s ♦❝❝✉rs ❡❛r❧✐❡r t❤❛♥ γ ✭∀i, β❴i ≺ γ❴i✮✳ ❙✐♠✐❧❛r✱ s✐♥❝❡
∀i, γ❴i ≡ η❴i t❡❧❧s ✉s t❤❡ ❛❝t✐♦♥ γ ♦❝❝✉rs ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❛❝t✐♦♥ η ♦❝❝✉rs✱ s♦ ✇❡ ❢✉rt❤❡r♠♦r❡ ❤❛✈❡ t❤❡
r❡❧❛t✐♦♥ ∀i, β❴i ≺ η❴i✳ ❆❝❝♦r❞✐♥❣ t♦ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥ ❞❡✜♥✐t✐♦♥✱ ✇❡ ❣❡t Cβ ≺ Cη✳
❊①❛♠♣❧❡ ✶✳ ■♥ t❤✐s ♣❛rt✱ ✇❡ ✐❧❧✉str❛t❡ ❤♦✇ t♦ r❡♣r❡s❡♥t t✐♠❡❞✲❛❝t✐♦♥s✱ ❝❧♦❝❦s✱ ❛♥❞ ❝❧♦❝❦ r❡❧❛t✐♦♥s ❢♦r
♦✉r ✏❝❛r ✐♥s❡rt✐♥❣✑ s❝❡♥❛r✐♦✳
❆s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳ ✻✱ ♦♥✲❜♦❛r❞ ❝❛r s②st❡♠s ❛r❡ ♠♦❞❡❧❡❞ ❜② s❡✈❡r❛❧ ❝♦♠♣♦♥❡♥ts ✐♥❝❧✉❞✐♥❣ ✏■♥✐t✐❛❧✑✱
✏❈♦♠♠■♥✐✑ ✏❈♦♠♠❘❡s✑✱ ✏❈♦♥tr♦❧✑✱ ❡t❝✳ ■♥ t❤❡ ✜❣✉r❡ ✇❡ ♦♥❧② s❤♦✇ t❤❡ ❝♦♠♣♦♥❡♥ts t❤❛t ♣❛rt✐❝✐♣❛t❡ ✐♥
t❤❡ ♣r♦t♦❝♦❧✳
❯s❡r✬s r❡q✉❡sts ❛r❡ r❡❝❡✐✈❡❞ ❜② t❤❡ ✏■♥✐t✐❛❧✑ ❝♦♠♣♦♥❡♥t✳ ❋♦r ♦✉r ❡①❛♠♣❧❡✱ t❤❡ ✏✉s❡r✑ ❤❛s s❡♥t ❛♥
✐♥s❡rt✐♦♥ ♦r❞❡r✱ ❡♥❝♦❞❡❞ ❤❡r❡ ❛s ❛ ✏ !Request(Ins)tq ✑ t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡✳ ❚❤❡ ♣r♦❝❡❞✉r❡ t❤❡♥ r✉♥s
✐♥ t✇♦ ♣❤❛s❡s✿
✭✶✮ ❚❤❡ ❛❣r❡❡♠❡♥t ♣❤❛s❡✿ car0 s❡♥❞s ❛ notify(Ins) ♠❡ss❛❣❡ t♦ t❤❡ ♦t❤❡r t✇♦✱ ❛♥❞ ✇❛✐t ❢♦r t❤❡✐r ❛♥s✇❡rs✳
❚❤✐s ♣❤❛s❡ ✐s ♠❛♥❛❣❡❞ ❜② t❤❡ ✏❈♦♠♠■♥✐✑ ♣r♦❝❡ss✱ t❤❛t ❝♦♠♠✉♥✐❝❛t❡s t♦ t❤❡ ♦t❤❡r ❝❛rs ✏❈♦♠❘❡s✑
♣r♦❝❡ss❡s t❤r♦✉❣❤ ❛s②♥❝❤r♦♥♦✉s ❝❤❛♥♥❡❧s✳ ■♥ t❤❡ ♠♦❞❡❧✱ t❤❡r❡ ✐s ♦♥❡ s✉❝❤ ❝❤❛♥♥❡❧ ❢♦r ❡❛❝❤ t②♣❡ ♦❢
♠❡ss❛❣❡✱ ❛♥❞ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣r♦❝❡ss❡s❀ ✇❡ ✉s❡ t❤❡ ♣❛r❛♠❡t❡r✐③❡❞ str✉❝t✉r❡ ♦❢ ♣◆❡ts
t♦ r❡♣r❡s❡♥t s✉❝❤ ❢❛♠✐❧✐❡s ♦❢ ♣r♦❝❡ss❡s ✐♥ t❤❡ ✜❣✉r❡✱ ❡✳❣✳ ✏❝❤❛♥♥❡❧◆t❢❬♠❪✑✳ ❚❤❡ ✏❈♦♠♠■♥✐✑ ♣r♦❝❡ss ✐s ✐♥
❝❤❛r❣❡ ♦❢ ❝♦❧❧❡❝t✐♥❣ t❤❡ ❛♥s✇❡rs ❢r♦♠ t❤❡ ♦t❤❡r ❝❛rs ❛s②♥❝❤r♦♥♦✉s❧②✱ ❛♥❞ s❡♥❞✐♥❣ t❤❡ ✜♥❛❧ ❞❡❝✐s✐♦♥ t♦
✏■♥✐t✐❛❧✑✳ ■❢ ✐t ✐s ♥❡❣❛t✐✈❡✱ t❤❡♥ ✏■♥✐t✐❛❧✑ ❛❜♦rts ❛♥❞ s✐❣♥❛❧s Cancel t♦ t❤❡ ✉s❡r✱ ♦t❤❡r✇✐s❡ ✇❡ ❣♦ t♦ t❤❡
♥❡①t ♣❤❛s❡✳
✭✷✮ ❚❤❡ ❡①❡❝✉t✐♦♥ ♣❤❛s❡✿ t❤✐s ♣❤❛s❡ ✐s tr✐❣❣❡r❡❞ ❛♥❞ ❝♦♥tr♦❧❧❡❞ ❞✐r❡❝t❧② ❜② t❤❡ ✏■♥✐t✐❛❧✑ ♣r♦❝❡ss✳ ■t s❡♥❞s
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❋✐❣✉r❡ ✻✿ ❚✐♠❡❞✲♣◆❡ts✿ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❇❡❤❛✈✐♦✉r ▼♦❞❡❧ ♦❢ ❈❛rs ■♥s❡rt✐♦♥ ❙❝❡♥❛r✐♦
C!Consensus(ExpRes)to t♦ ❛❧❧ ❝❛rs ✐♥❝❧✉❞✐♥❣ ✐ts❡❧❢ t♦ ✐♥✐t✐❛t❡ t❤❡ ❡①❡❝✉t✐♦♥ ❛♥❞ t♦ t❡❧❧ ❡❛❝❤ ❝❛r t❤❡ ✜♥❛❧
❡①♣❡❝t❡❞ r❡s✉❧t ✭✏❊①♣❘❡s✑✮✳ ❚❤❡ ✏❈♦♥tr♦❧✑ ♣r♦❝❡ss ♦❢ ❡❛❝❤ ❝❛r ✐s ✐♥ ❝❤❛r❣❡ ♦❢ t❤❡ ❧♦❝❛❧ ❊①❡❝✉t✐♦♥ ♦❢ t❤❡
♠♦✈❡♠❡♥t ✭t❤❛t ✇❡ ❧❡❛✈❡ ✉♥s♣❡❝✐✜❡❞ ❤❡r❡✮✱ t✐❧❧ t❤❡ ❡①♣❡❝t❡❞ r❡s✉❧t ✐s ♦❜s❡r✈❡❞ ✭[ExpRes = CurData]✮✳
❚❤❡♥ t❤❡ !Finish s✐❣♥❛❧s ❛r❡ ❝♦❧❧❡❝t❡❞ ❜② ✏■♥✐t✐❛❧✑✱ ❛♥❞ t❡r♠✐♥❛t✐♦♥ ✐s ♥♦t✐✜❡❞ t♦ t❤❡ ✉s❡r✳
❲❡ ✉s❡ ❧❛❜❡❧ tr❛♥s✐t✐♦♥ s②st❡♠s ✭▲❚❙s✮ t♦ ♠♦❞❡❧ ❡❛❝❤ ❝♦♠♣♦♥❡♥t✳ ❊❛❝❤ tr❛♥s✐t✐♦♥ ✇✐❧❧ ❜❡ tr✐❣❣❡r❡❞
❜② ❛ ❝❧♦❝❦✳ Pr❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥s ❛r❡ ✉s❡❞ t♦ s♣❡❝✐❢② t❤❡ ❝❛✉s❛❧✐t② r❡❧❛t✐♦♥s ♦❢ ▲❚❙s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥
t❤❡ ✏❈♦♠♠❘❡s✑ ❝♦♠♣♦♥❡♥t✱ t❤❡ ❝❧♦❝❦ ✏C?notify(Ins)tn ✑ ♦❝❝✉rs ❡❛r❧✐❡r t❤❛♥ t❤❡ ❝❧♦❝❦ ✏C!ack(rm)ta ✑✳ ❲❡
❞❡♥♦t❡ t❤❡ ❝❧♦❝❦ r❡❧❛t✐♦♥ ❛s ✏C?notify(Ins)tn ≺ C!ack(rm)ta ✑✳ ❋♦r s✐♠♣❧✐✜❝❛t✐♦♥✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✱
✇❡ ✇✐❧❧ ♦♠✐t t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ t✐♠❡ ✈❛r✐❛❜❧❡s ✇❤❡♥ ❡①♣r❡ss✐♥❣ ❛ ❝❧♦❝❦ r❡❧❛t✐♦♥ ✐❢ ✐t ✐s ♥♦t ❛♠❜✐❣✉♦✉s✳
❋♦r ❡①❛♠♣❧❡✱ ✇❡ ✉s❡ t❤❡ s❤♦rt ✈❡rs✐♦♥ ✏C?notify ≺ C!ack✑ ✐♥st❡❛❞ ♦❢ ✏C?notify(Ins)tn ≺ C!ack(rm)ta ✑✳
■♥ t❤✐s ✉s❡✲❝❛s❡✱ ✇❡ ❛ss✉♠❡ ❢♦r s✐♠♣❧✐❝✐t② t❤❛t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥s✐❞❡ ❛ ❝❛r ✐s s②♥❝❤r♦♥♦✉s ✭✐♥
r❡❛❧✐st✐❝ ♠♦❞❡r♥ ❝❛r s②st❡♠s✱ t❤✐s ❤②♣♦t❤❡s✐s ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ r❡✜♥❡❞✱ s✐♥❝❡ t❤❡ ♦♥❜♦❛r❞ s②st❡♠s ✐♥✲
❝❧✉❞❡ s❡✈❡r❛❧ ♣r♦❝❡ss ❝♦♠♠✉♥✐❝❛t✐♥❣ t❤r♦✉❣❤ ❞❛t❛ ❜✉s❡s✮✳ ❍❡r❡✱ t❤❡ t✐♠❡❞✲❛❝t✐♦♥ ✏ !Cmd(par)tc ✑ ✐♥ t❤❡
✏■♥✐t✐❛❧✑ ♣r♦❝❡ss ❛♥❞ t❤❡ t✐♠❡❞✲❛❝t✐♦♥ ✏?Cmd(par)tc ✑ ✐♥ ✏❈♦♠♠■♥✐✑ ❛r❡ ❛❧✇❛②s s②♥❝❤r♦♥♦✉s ✇❤❡♥ t❤❡
t✇♦ ❝♦♠♣♦♥❡♥ts ❝♦♠♠✉♥✐❝❛t❡ ❛♥❞ tr❛♥s♠✐t t❤❡ ♠❡ss❛❣❡ ✏♣❛r✑✳ ❙♦ t❤❡s❡ t✇♦ ❝❧♦❝❦s ❝♦✐♥❝✐❞❡✿
✭CInitial.!Cmd(par)tc = CCommIni.?Cmd(par)tc ✮✳
❇② ❝♦♥tr❛st✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❞✐✛❡r❡♥t ❝❛rs ✐s ❛s②♥❝❤r♦♥♦✉s ✭t②♣✐❝❛❧❧② ♦✈❡r s♦♠❡ ✇✐r❡❧❡ss
❛❞✲❤♦❝ ♥❡t✇♦r❦✮✱ ❛♥❞ ✇❡ ✇❛♥t t♦ ❜❡ ❛❜❧❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ ✐♥ ♦✉r ❛♥❛❧②s✐s✳
❋♦r t❤✐s ✇❡ ✐♥s❡rt ❛ s♣❡❝✐✜❝ ❛s②♥❝❤r♦♥♦✉s ❝❤❛♥♥❡❧ ✭❜✉✐❧t ❛s ❛ s♣❡❝✐❛❧ t✐♠❡❞✲♣▲❚❙✮ ❢♦r ❡❛❝❤ t②♣❡ ♦❢ ♠❡ss❛❣❡
❡①❝❤❛♥❣❡❞ ❜❡t✇❡❡♥ ❝❛rs✳
❚❤❡s❡ t✇♦ ♠❡❝❤❛♥✐s♠s ✐❧❧✉str❛t❡ ♦✉r ❛♣♣r♦❛❝❤ t♦ ♠♦❞❡❧ ❤❡t❡r♦❣❡♥❡♦✉s s②♥❝❤r♦♥♦✉s✴❛s②♥❝❤r♦♥♦✉s
s②st❡♠s✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ ✇❡ ❢♦r♠❛❧✐s❡ t❤✐s ❜② ✉s✐♥❣ ♦✉r t✐♠❡❞✲♣◆❡ts ❢♦r♠❛❧✐s♠✳
✸ ❚❤❡ ❚✐♠❡❞✲▲❚❙ ❙❡♠❛♥t✐❝ ▼♦❞❡❧
❚❤✐s s❡❝t✐♦♥ ✐♥tr♦❞✉❝❡s t✐♠❡❞ tr❛♥s✐t✐♦♥ s②st❡♠s ✭t✐♠❡❞✲♣▲❚❙✮✱ ✐♥❝❧✉❞✐♥❣ t❤❡✐r s♣❡❝✐❛❧ ❝❛s❡ ❈❤❛♥♥❡❧s✳
❲❡ ✐❧❧✉str❛t❡ ❡❛❝❤ ❞❡✜♥✐t✐♦♥ ✇✐t❤ ❛ ♣✐❡❝❡ ♦❢ ♦✉r r✉♥♥✐♥❣ ❡①❛♠♣❧❡✳
❉❡✜♥✐t✐♦♥ ✻ ✭❚✐♠❡❞✲♣▲❚❙✮✳ ❆ ❚✐♠❡❞✲♣▲❚❙ ✐s ❛ t✉♣❧❡ < P,S, s0, A,C,→>✱ ✇❤❡r❡
❘❘ ♥➦ ✽✺✷✻
✽ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
❼ P ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs
❼ S ✐s ❛ s❡t ♦❢ st❛t❡s
❼ s0 ∈ S ✐s t❤❡ ✐♥✐t✐❛❧ st❛t❡
❼ A ✐s ❛ s❡t ♦❢ t✐♠❡❞✲❛❝t✐♦♥s
❼ C ✐s ❛ s❡t ♦❢ ❝❧♦❝❦s ♦✈❡r t❤❡ t✐♠❡❞✲❛❝t✐♦♥ s❡t A
❼ → ✐s t❤❡ s❡t ♦❢ tr❛♥s✐t✐♦♥✿ →⊆ S × C × S✳ ❲❡ ✇r✐t❡ s
Cα−−→ s′ ❢♦r (s, Cα, s
′) ∈→✱ ✐♥ ✇❤✐❝❤ α ∈ A✳
C    ?Cmd(Ins)tc
C    !Notify(Ins,k)tn
[k := 1; k++; k 
C    ττ t
?Ack(k,r   )C    m ta
C    !R(b)tR
b=V rm
CommIni
2]
[k := 1; k++; k 2]
❋✐❣✉r❡ ✼✿ ❚❤❡ t✐♠❡❞✲♣▲❚❙ ♦❢ t❤❡ ❈♦♠♠■♥✐ ❝♦♠♣♦♥❡♥t
❊①❛♠♣❧❡ ✷✳ ❈♦♥s✐❞❡r t❤❡ ✏❈♦♠♠■♥✐✑ ❝♦♠♣♦♥❡♥t ✐♥ ❋✐❣✳ ✼✳ ❚❤❡ ❝❧♦❝❦ r❡❧❛t✐♦♥s ✇✐❧❧ ❝♦rr❡s♣♦♥❞ t♦
t❤❡ ♣r❡❝❡❞❡♥❝❡ ✭❝❛✉s❛❧✐t②✮ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ▲❚❙✱ ✇✐t❤ ❛ s♣❡❝✐❛❧ ❝❛s❡ ❢♦r t❤❡ ❧♦♦♣s
♦♥ st❛t❡s s1 ✭❛ st❛t❡ ❢♦r s❡♥❞✐♥❣ ♥♦t✐✜❝❛t✐♦♥s✮ ❛♥❞ s2 ✭❛ st❛t❡ ❢♦r r❡❝❡✐✈✐♥❣ ✏❛❝❦✑ s✐❣♥❛❧s✮✱ ✇❤❡r❡ t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥ts ❛r❡ ✐♥❞❡①❡❞ ❜② k ∈ [1..N ] ✇❤❡r❡ ◆ ✐s t❤❡ ✭✜①❡❞✮ ♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦rs ♦❢ t❤❡
✐♥✐t✐❛t✐♥❣ ❝❛r ✭❤❡r❡ N = 2✮✳ ❚❤❡ ✜rst ❧♦♦♣ ♦♥ s1 ♠❡❛♥s car0 s❡♥❞s t✇♦ ♥♦t✐✜❝❛t✐♦♥s t♦ ❝❛r✶ ❛♥❞ ❝❛r✷
s❡♣❛r❛t❡❧②✳ ❚❤❡ s❡❝♦♥❞ ❧♦♦♣ ♦♥ s2 ♠❡❛♥s car0 r❡❝❡✐✈❡s t✇♦ ✏❛❝❦✑ s✐❣♥❛❧s ❢r♦♠ ❝❛r✶ ❛♥❞ ❝❛r✷ s❡♣❛r❛t❡❧②✳
▼♦r❡♦✈❡r✱ ✇❡ ✉s❡ ❛ s✐❧❡♥t ❛❝t✐♦♥ τ t♦ ❜✉✐❧❞ ❛ ❝❧♦❝❦ Ctττ t❤❛t ❧❛❜❡❧s t❤❡ tr❛♥s✐t✐♦♥ t♦ st❛t❡ s2 ✇❤❡♥ t❤❡
❝♦♠♣♦♥❡♥t ✜♥✐s❤❡s s❡♥❞✐♥❣ t✇♦ ♥♦t✐✜❝❛t✐♦♥s✳ ❲❡ ❜✉✐❧❞ t❤❡ t✐♠❡❞✲♣▲❚❙ ❡❧❡♠❡♥ts ❛s✿
❼ P❛r❛♠❡t❡rs P = {k, Ins, rm, b,N}✱
❼ ❆❝t✐♦♥ ❛❧❣❡❜r❛ A = {?Cmd(par)tc ✱ !notify(par)tn , ?ack(k, rm)
ta ✱ !R(b)tR , τ tτ }
❼ ❈❧♦❝❦s C = {C?Cmd✱ C!notify, C?ack✱ C!R, Cτ}
❼ ✭✇❡ ❞♦ ♥♦t ❞❡t❛✐❧ t❤❡ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ ❤❡r❡✱ ✐t ✐s ❡❛s✐❧② ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ✜❣✉r❡✮
◆♦t❡ t❤❛t ✇❤❛t t❤❡ s②st❡♠ ❞❡✈❡❧♦♣❡r ❤❛s t♦ s♣❡❝✐❢② ✐s ♦♥❧② t❤❡ ▲❚❙ ♣❛rt✱ t❤❡ ❝❧♦❝❦ ❝♦♥str❛✐♥ts ✇✐❧❧ ❜❡
❛✉t♦♠❛t✐❝❛❧❧② ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ▲❚❙ ✭s❡❡ s❡❝t✐♦♥ ✺✮✳
❈❤❛♥♥❡❧s✳ ❲❡ ✐♥tr♦❞✉❝❡ ❝❤❛♥♥❡❧s t♦ ♠♦❞❡❧ ❛s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡❤❛✈✐♦r✳ ❆ ❝❤❛♥♥❡❧ ✐s ❞❡✲
✜♥❡❞ ❛s ❛ s♣❡❝✐❛❧ tr❛♥s✐t✐♦♥ s②st❡♠ ✇✐t❤ t✇♦ t✐♠❡❞✲❡✈❡♥ts✿ ♦♥❡ ❢♦r r❡❝❡✐✈✐♥❣ ♠❡ss❛❣❡s✱ ❛♥♦t❤❡r ❢♦r s❡♥❞✐♥❣
♠❡ss❛❣❡s✳ ❚❤❡ t✇♦ ❡✈❡♥ts ❤❛✈❡ ❛ ♣r❡❝❡❞❡♥❝❡ ❝♦♥str❛✐♥t ✇❤✐❝❤ ♠♦❞❡❧s t❤❡ ❞❡❧❛② ♦❢ ♠❡ss❛❣❡ tr❛♥s♠✐ss✐♦♥✳
❋♦r s✐♠♣❧✐✜❝❛t✐♦♥✱ t❤❡ ❝❤❛♥♥❡❧ ❞❡✜♥✐t✐♦♥ ❤❡r❡ ❥✉st ❞❡s❝r✐❜❡s ❛ s✐♠♣❧❡ ♦♥❡ ♣❧❛❝❡ ❛s②♥❝❤r♦♥♦✉s ❜✉✛❡r✱ s✉❢✲
✜❝✐❡♥t t♦ ✐❧❧✉str❛t❡ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ s②♥❝❤r♦♥♦✉s ❛♥❞ ❛s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ▼♦r❡ r❡❛❧✐st✐❝
❛s②♥❝❤r♦♥♦✉s ♠❡❝❤❛♥✐s♠s ❛r❡ ♣♦ss✐❜❧❡ ✭❡✳❣✳ ♥✲♣❧❛❝❡s ❜✉✛❡rs✱ ❧♦✉s② ❝❤❛♥♥❡❧s✱ ♦r Pr♦❆❝t✐✈❡✴●❈▼ r❡q✉❡st
q✉❡✉❡s ✇✐t❤ ❢✉t✉r❡s ❬❈❍❙✵✽❪ ❜✉t t❤❡② ❛r❡ ♥♦t t❤❡ t♦♣✐❝ ♦❢ t❤✐s ♣❛♣❡r✳
❉❡✜♥✐t✐♦♥ ✼ ✭❈❤❛♥♥❡❧✮✳ ❆ ❝❤❛♥♥❡❧ ✐s ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ✇✐t❤ t✉♣❧❡ < P,S,A,C,≺,→> ✐♥ ✇❤✐❝❤
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✾
❼ P ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs✱
❼ S ✐s st❛t❡ s❡t ✐♥ ✇❤✐❝❤ S = {sempty, sdata}✱
❼ A = {in(par)ti , out(par)to} (par ∈ P ) ✐s t❤❡ t✐♠❡❞✲❛❝t✐♦♥ s❡t✱
❼ C ✐s ❛ s❡t ♦❢ ❝❧♦❝❦s ♦✈❡r t✐♠❡❞✲❛❝t✐♦♥s A✱
❼ → ✐s ❛ s❡t ♦❢ t✇♦ tr❛♥s✐t✐♦♥s✿ sempty
C?in−−−→ sdata ❛♥❞ sdata
C!out−−−→ sempty✳
■♥ t❤❡ ❝❤❛♥♥❡❧ ❞❡✜♥✐t✐♦♥✱ t❤❡ t✐♠❡❞✲❛❝t✐♦♥ ?in(par)ti ✐s ❛♥ ❛❝t✐♦♥ ❢♦r r❡❝❡✐✈✐♥❣ ♠❡ss❛❣❡s ❢r♦♠ ♦♥❡
❝♦♠♣♦♥❡♥t✱ ✇❤✐❧❡ t❤❡ t✐♠❡❞✲❛❝t✐♦♥ !out(par)to ✐s ❛♥ ❛❝t✐♦♥ ❢♦r s❡♥❞✐♥❣ t❤❡ ♠❡ss❛❣❡s t♦ ❛♥♦t❤❡r ❝♦♠♣♦♥❡♥t
❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✽✳
❋✐❣✉r❡ ✽✿ ❚❤❡ t✐♠❡❞✲♣▲❚❙ ♦❢ ❝❤❛♥♥❡❧ ❈♦♠♣♦♥❡♥t
✹ ❚✐♠❡❞✲♣◆❡ts ❙❡♠❛♥t✐❝ ▼♦❞❡❧
❋✐♥❛❧❧② ✇❡ ❞❡✜♥❡ ❚✐♠❡❞✲♣◆❡ts✱ t❤❛t ✐s ♦✉r ♠❛✐♥ str✉❝t✉r❡ ✉s❡❞ t♦ ❝♦♠❜✐♥❡ s✉❜✲s②st❡♠s t♦ ❜✉✐❧❞ ❜✐❣❣❡r
s②st❡♠s✳ ❆s ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ✭✉♥t✐♠❡❞✮ ♣◆❡ts✱ ❛ ❚✐♠❡❞✲♣◆❡t ✐s ❛ ❣❡♥❡r❛❧✐③❡❞ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦r✱ ❞❡✜♥✐♥❣
t❤❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ❜❡t✇❡❡♥ ❛ ♥✉♠❜❡r ♦❢ s✉❜s②st❡♠s ✭❤♦❧❡s✮✳ ■♥ t✐♠❡❞✲♣◆❡ts✱ ❤♦❧❡s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜②
❛♥ ❛❝t✐♦♥ ❛❧❣❡❜r❛ ✭❛ s♦rt✮❀ ❤❡r❡ t❤✐s ✐s ❝♦♠♣❧❡♠❡♥t❡❞ ❜② ❛ ❚✐♠❡❞✲❙♣❡❝✐✜❝❛t✐♦♥✳ ❇✉✐❧❞✐♥❣ t❤❡ t✐♠❡❞✲♣◆❡t
tr❡❡ r❡♣r❡s❡♥t✐♥❣ ❛ ❢✉❧❧ s②st❡♠ ✇✐❧❧ r❡q✉✐r❡ ✜❧❧✐♥❣ ❤♦❧❡s ✇✐t❤ ✭❝♦♠♣❛t✐❜❧❡✮ s✉❜✲♥❡ts✳
❉❡✜♥✐t✐♦♥ ✽ ✭❚✐♠❡❞✲♣◆❡ts✮✳ ❆ ❚✐♠❡❞✲♣◆❡t ✐s ❛ t✉♣❧❡ < P,AG, CG, J, A˜J , C˜J , R˜J ,
−→
V >✱ ✇❤❡r❡✿
❼ P ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs✱
❼ AG ✐s t❤❡ s❡t ♦❢ ❣❧♦❜❛❧ t✐♠❡❞✲❛❝t✐♦♥s✱ ❛♥❞ CG ✐s t❤❡ s❡t ♦❢ ❣❧♦❜❛❧ ❝❧♦❝❦s t❤❛t ❛r❡ ❜✉✐❧t ♦✈❡r AG✱
❼ J ✐s ❛ ❝♦✉♥t❛❜❧❡ s❡t ♦❢ ❛r❣✉♠❡♥t ✐♥❞❡①❡s✿ ❡❛❝❤ ✐♥❞❡① j ∈ J ✐s ❝❛❧❧❡❞ ❛ ❤♦❧❡ ❛♥❞ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤
❛ s❡t ♦❢ ❧♦❝❛❧ t✐♠❡❞✲❛❝t✐♦♥s Aj✱ ❛♥❞ ❛♥ ❛ss♦❝✐❛t❡❞ ❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥ < Cj , Rj >✳
❼
−→
V = {−→v } ✐s ❛ s❡t ♦❢ s②♥❝❤r♦♥✐③❛t✐♦♥ ✈❡❝t♦rs ♦❢ t❤❡ ❢♦r♠✿
✲ ✭❜✐♥❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ ❤♦❧❡s j1 ❛♥❞ j2✮
−→v ✶ =< . . . , C!α, . . . , C?α, . . . >→ Cg✱
✐♥ ✇❤✐❝❤ {C!α = C?α = Cg}, Cg ∈ CG, C!α ∈ Cj1 , C?α ∈ Cj2 , j1, j2 ∈ J,
✲ ♦r ✭✈✐s✐❜✐❧✐t② ❢r♦♠ ❤♦❧❡ j✮
−→v =< . . . , Cα, . . . >→ Cg✱ ✐♥ ✇❤✐❝❤ {Cα = Cg}, Cg ∈ CG, C?α ∈ Cj , j ∈ J ✳
❋✉rt❤❡r♠♦r❡✱ ❡❛❝❤ ❣❧♦❜❛❧ ❝❧♦❝❦ ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❜② ♦♥❧② ♦♥❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ✈❡❝t♦r✿
∀ −→vi ,
−→vi′ ∈
−→
V ✱ Cgi = Cgi′ =⇒
−→vi =
−→vi′
✭Cgi✭r❡s♣✳ Cgi′✮ ❜❡ ❛ ❣❧♦❜❛❧ ❝❧♦❝❦ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✈❡❝t♦r
−→vi ✭r❡s♣✳
−→vi′✮✱ i, i
′ ∈ N✮
✶✇❤❡r❡ ✏. . .✑ r❡♣r❡s❡♥ts ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ❤♦❧❡s t❤❛t ❞♦ ♥♦t ♣❛rt✐❝✐♣❛t❡ ✐♥ t❤✐s s②♥❝❤r♦♥✐③❛t✐♦♥
❘❘ ♥➦ ✽✺✷✻
✶✵ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
C    ?Cmd(Ins)tc
C    !Notify(Ins,k)tn
[k = 1; k++; k 
C    ττ t
?Ack(k,r   )C    m ta
C    !R(b)tR
b=V rm
CommIni
2]
[k = 1; k++; k 2]
C    ?Notify(Ins)tn
!Ack(r  )C    m ta
CommRes[m]
[m]
[m]
ChannelNtf[m]
ChannelAck[m]
C    c.?Notify(Ins,k)tn[m]C    c.!Notify(Ins,k)tn[m]
C    c.?Ack(r   )m ta[m]C    c.!Ack(r   )m ta[m]
C    !R(b) g6
C    ?Cmdg5 Notifyg1C    Notifyg2
C    
Ackg3C    Ackg4C    
CommIni
ChannelNtf[m]
ChannelAck[m]
CommRes[m]
[m] [m]
[m][m]
Timed-pNets
Hole implementations
❋✐❣✉r❡ ✾✿ ❆ ❚✐♠❡❞✲♣◆❡ts ✇✐t❤ ♦♥❡ ♦❢ ✐ts ✐♠♣❧❡♠❡♥t❛t✐♦♥s
❘❡♠❛r❦✿ ❲❡ ❞❡✜♥❡ ◆❡ts ✐♥ ❛ ❢♦r♠ ✐♥s♣✐r❡❞ ❜② t❤❡ s②♥❝❤r♦♥✐s❛t✐♦♥ ✈❡❝t♦rs ♦❢ ❆r♥♦❧❞ ❛♥❞ ◆✐✈❛t ❬❆P✾✹❪✱
t❤❛t ✇❡ ✉s❡ t♦ s②♥❝❤r♦♥✐s❡ ❝❧♦❝❦s ❢r♦♠ ❞✐✛❡r❡♥t ♣r♦❝❡ss♦rs✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢ ✉s✐♥❣ ✐ts ❤✐❣❤
❛❜str❛❝t✐♦♥ ❧❡✈❡❧ ✐s t❤❛t ❛❧♠♦st ❛❧❧ ✐♥t❡r❛❝t✐♦♥ ♠❡❝❤❛♥✐s♠s ❡♥❝♦✉♥t❡r❡❞ s♦ ❢❛r ✐♥ t❤❡ ♣r♦❝❡ss ❛❧❣❡❜r❛
❧✐t❡r❛t✉r❡ ❜❡❝♦♠❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ❛ ✈❡r② ❣❡♥❡r❛❧ ❝♦♥❝❡♣t✿ s②♥❝❤r♦♥✐s❛t✐♦♥ ✈❡❝t♦rs✳ ❲❡ str✉❝t✉r❡ t❤❡
s②♥❝❤r♦♥✐s❛t✐♦♥ ✈❡❝t♦rs ❛s ♣❛rts ♦❢ ♥❡t✇♦r❦✳ ❈♦♥tr❛r② t♦ s②♥❝❤r♦♥✐s❛t✐♦♥ ❝♦♥str❛✐♥ts✱ t❤❡ ♥❡t✇♦r❦ ❛❧❧♦✇s
❞②♥❛♠✐❝ r❡❝♦♥✜❣✉r❛t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t s❡ts ♦❢ s②♥❝❤r♦♥✐s❛t✐♦♥ ✈❡❝t♦rs✳ ■♥ ♦✉r t✐♠❡❞✲♣◆❡ts✱ ✇❡ ❞❡✜♥❡
t✇♦ ❦✐♥❞s ♦❢ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs✳ ❖♥❡ ✐s ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈❡❝t♦r ✭< . . . , C!α, . . . , C?α, . . . >→ Cg✮✳ ❚❤❡
✈❡❝t♦r r❡♣r❡s❡♥ts t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❢ t✇♦ ❤♦❧❡s t❤r♦✉❣❤ ❝❧♦❝❦ C!α ❛♥❞ C?α✳ ❚❤❡ t✇♦ ❧♦❝❛❧ ❝❧♦❝❦s t❤❛t
❝♦♠❡ ❢r♦♠ ❞✐✛❡r❡♥t ❤♦❧❡s ❛r❡ ♣✉t ❜❡t✇❡❡♥ t❤❡ t✇♦ s②♠❜♦❧s ✏❁✑ ❛♥❞ ✏❃✑✳ ❚❤❡ ❧❛st ❡❧❡♠❡♥t ♦❢ t❤❡ ✈❡❝t♦r
❛♣♣❡❛rs ❜❡❤✐♥❞ t❤❡ s②♠❜♦❧ ✏→✑✱ ❛♥❞ s♣❡❝✐✜❡s t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦ ❣❡♥❡r❛t❡❞ ❜② t❤✐s s②♥❝❤r♦♥♦✉s ✈❡❝t♦r✳
❆♥♦t❤❡r ✈❡❝t♦r ✭< . . . , Cα, . . . >→ Cg✮ ♠❛❦❡s t❤❡ ❧♦❝❛❧ ❝❧♦❝❦ Cα ✈✐s✐❜❧❡ ❜② ❣❡♥❡r❛t✐♥❣ ❛ ❣❧♦❜❛❧ ❝❧♦❝❦ Cg✳
◆♦t❛t✐♦♥s ❢♦r ♣❛r❛♠❡t❡r✐③❡❞ s②st❡♠s✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ✉s❡ ♣❛r❛♠❡tr✐❝ ♥♦t❛t✐♦♥s✱ ❜♦t❤ ❢♦r ❤♦❧❡s ❛♥❞ ❢♦r
s②♥❝❤r♦♥✐③❛t✐♦♥ ✈❡❝t♦rs✱ ♠❛❦✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♠♦r❡ ❝♦♠♣❛❝t ❛♥❞ ♠♦r❡ ✉s❡r✲❢r✐❡♥❞❧② ✭s❡❡ ♥❡①t ❡①❛♠♣❧❡✮✳
❚❤❡s❡ ❛r❡ ♦♥❧② ❛❜❜r❡✈✐❛t✐♦♥s✱ t❤❡✐r ♠❡❛♥✐♥❣ ♠✉st ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ✭✜♥✐t❡✮ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡✳
❯s✐♥❣ s✉❝❤ ❛❜❜r❡✈✐❛t✐♦♥s✱ ❢♦r ❛ ♣◆❡t ✐♥ ✇❤✐❝❤ j1✱ j2✱ j ❛r❡ ♣❛r❛♠❡tr✐❝ ❤♦❧❡s ❤♦❧❡s ✇✐t❤ ✐♥❞❡①❡s k1✱
k2✱ k✱ ✇✐t❤ r❡s♣❡❝t✐✈❡ ❞♦♠❛✐♥s Dom1✱ Dom2✱ Dom✱ t❤❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ✈❡❝t♦rs ✇✐❧❧ ❧♦♦❦ ❧✐❦❡✿
✲ ❜✐♥❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥
❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛❝t✐♦♥s ❢r♦♠ j1 ❛♥❞ j2✱ t❤✐s ✈❡❝t♦r ✇✐❧❧ ❣❡♥❡r❛t❡ ❛ ❢❛♠✐❧② ♦❢ ❣❧♦❜❛❧
❛❝t✐♦♥s ✐♥❞❡①❡❞ ❜② ❛ ♣❛r❛♠❡t❡r m✱ t❤❛t ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ k1 ❛♥❞ k2✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ m ✐s ❛ s✉❜s❡t ♦❢
t❤❡ ♣r♦❞✉❝t Dom1xDom2✳ < ..., C!α[k1], ..., C?α[k2], ... >→ Cg[m]✱
✐♥ ✇❤✐❝❤ {C!α[k1] = C?α[k2] = Cg[m]}✱ Cg[m] ∈ CG, C!α[k1] ∈ Cj1 , C?α[k2] ∈ Cj2
✲ ✈✐s✐❜✐❧✐t②
❊❛❝❤ ✈✐s✐❜❧❡ ❛❝t✐♦♥ ❢r♦♠ ❤♦❧❡ j ❣❡♥❡r❛t❡s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❧♦❜❛❧ ❛❝t✐♦♥✳ < ..., Cα[k], ... >→ Cg[k]✱
✐♥ ✇❤✐❝❤ {Cα[k] = Cg[k]}, C!α[k] ∈ Cj , Cg[k] ∈ CG✳
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✶✶
❊①❛♠♣❧❡ ✸✳ ❲❡ ✉s❡ ♦✉r ✉s❡ ❝❛s❡ t♦ ✐❧❧✉str❛t❡ ❤♦✇ t♦ ❜✉✐❧❞ ❛ t✐♠❡❞✲♣◆❡ts ♠♦❞❡❧✳ ❚♦ ♠❛❦❡ t❤❡ ❡①❛♠♣❧❡
s♠❛❧❧❡r✱ ✇❡ ❤❛✈❡ ❡①tr❛❝t❡❞ ❤❡r❡ t❤❡ r❡s♣❡❝t✐✈❡ ✏❝♦♠♠✉♥✐❝❛t✐♦♥✑ s✉❜◆❡ts ♦❢ ✷ ❝❛rs✱ ❛♥❞ t❤❡ ❝❤❛♥♥❡❧s ♦♥
✇❤✐❝❤ t❤❡② ❝♦♠♠✉♥✐❝❛t❡✱ ❛♥❞ ✇❡ s❤♦✇ ❤♦✇ t♦ ❜✉✐❧❞ ❛ ♣◆❡t ❡♥❝♦❞✐♥❣ t❤✐s s♠❛❧❧ s✉❜s②st❡♠✳
❆s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳✾✱ t❤❡ s✉❜s②st❡♠ ❝♦♥s✐sts ♦❢ ❝♦♠♣♦♥❡♥ts ✧❈♦♠♠■♥✐✧✱ ✧❈♦♠♠❘❡s❬♠❪✧✱ ✧❈❤❛♥♥❡❧✲
◆t❢❬♠❪✧ ❛♥❞ ✧❈❤❛♥♥❡❧❆❝❦ ❬♠❪✧✳ ❚❤❡ ❝♦♠♣♦♥❡♥ts ✧❈❤❛♥♥❡❧◆t❢❬♠❪✧ ❛♥❞ ✧❈❤❛♥♥❡❧❆❝❦❬♠❪✧ ❛r❡ ❝❤❛♥♥❡❧s
✐♥ ✇❤✐❝❤ t❤❡ ♣❛r❛♠❡t❡r ✧❬♠❪✧ ❞❡♥♦t❡s t♦ ✇❤✐❝❤ ❝❛r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛♥♥❡❧ tr❛♥s♠✐ts ❞❛t❛✳ ❇② ✉s✐♥❣
t❤❡ ♣❛r❛♠❡t❡r ✧♠✧✱ ✇❡ ❣✐✈❡ ❛ ♠♦r❡ ❝♦♠♣❛❝t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r s❝❡♥❛r✐♦✱
car0 s❡♥❞s ❛ ♥♦t✐✜❝❛t✐♦♥ t♦ car1 ✭r❡s♣✳ car2✮ ✈✐❛ ✧❈❤❛♥♥❡❧◆t❢❬✶❪✧ ✭r❡s♣✳✧❈❤❛♥♥❡❧◆t❢❬✷❪✧✮✱ ❛♥❞ t❤❡♥ car1
✭r❡s♣✳car2✮ ❛♥s✇❡rs ❛♥ ✏❛❝❦✑ t♦ car0 ✈✐❛ ✧❈❤❛♥♥❡❧❆❝❦❬✶❪✧ ✭r❡s♣✳ ❈❤❛♥♥❡❧❆❝❦❬✷❪✧✮✳ ❙♦ ✐♥ t❤❡ ✉♣♣❡r ❧❛②❡r
t✐♠❡❞✲♣◆❡ts ♥♦❞❡✱ ✇❡ ❝❛♥ ❧✐♥❦ t❤❡s❡ ❝♦♠♣♦♥❡♥ts ❜② ❜✉✐❧❞✐♥❣ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs✳ ❋♦r ❡①❛♠♣❧❡✿
✲ t❤❡ ✈❡❝t♦r✷ < −, C!ack[1] ,−, Cc.?ack[1] >→ Cackg3[1] r❡♣r❡s❡♥ts t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣♦✲
♥❡♥ts ✏❈♦♠♠❘❡s❬✶❪✑ ❛♥❞ ✏❈❤❛♥♥❡❧❆❝❦❬✶❪✑ ❛♥❞ ❣❡♥❡r❛t❡s t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦ ✏Cackg3[1] ✑✳ ◆♦t✐❝❡ t❤❛t ❡✈❡♥
t❤♦✉❣❤ ✇❡ ❛❝t✉❛❧❧② ❤❛✈❡ ✼ s✉❜♥❡ts ✭❈♦♠♠■♥✐✱ ❈♦♠♠❘❡s❬✶❪✱ ❈♦♠♠❘❡s❬✷❪✱ ❈❤❛♥♥❡❧◆t❢❬✶❪✱ ❈❤❛♥♥❡❧◆t❢❬✷❪✱
❈❤❛♥♥❡❧❆❝❦❬✶❪✱ ❈❤❛♥♥❡❧❆❝❦❬✷❪✮✱ ✉s✐♥❣ ♣❛r❛♠❡t❡rs ✇❡ r❡♣r❡s❡♥t ♦✉r ♣◆❡t ❛♥❞ ✐ts s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs ✇✐t❤
♦♥❧② ✹ ❤♦❧❡s✳
✲ t❤❡ ✈❡❝t♦r < C
{2s−1}s∈N
!notify ,−, Cc.?notify[1] ,− >→ Cnotifyg1[1] r❡♣r❡s❡♥ts t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥
t❤❡ ❝♦♠♣♦♥❡♥ts ”CommIni” ❛♥❞ ”ChannelNtf [1]” ❛♥❞ ❜✉✐❧❞s ❛ ❣❧♦❜❛❧ ❝❧♦❝❦ ”Cnotifyg1[1]” ✭r❡♠❡♠✲
❜❡r C
{2s−1}s∈N
!notify ✐s t❤❡ ❝❧♦❝❦ ❜✉✐❧t ❢r♦♠ t❤❡ ❝❧♦❝❦ C!notify ❜② ❝❤♦♦s✐♥❣ t❤❡ ♦❝❝✉rr❡♥❝❡s ✇✐t❤ ♦❞❞ ✐♥❞❡①❡s✮✳
❋♦❧❧♦✇✐♥❣ t❤❡ t✐♠❡❞✲♣◆❡ts ❞❡✜♥✐t✐♦♥✱ ✇❡ ❝❛♥ ❢♦r♠❛❧✐③❡ t❤✐s t✐♠❡❞✲♣◆❡ts ✇✐t❤ ❞❡t❛✐❧s ❛s✿
❼ P = {k, Ins, m, rm, b}✱
❼ AG = {notify(Ins, k)
tg1
g1[m]
, notify(Ins, k)
tg2
g2[m]
, ack(rm, k)
tg3
g3[m]
,
ack(rm, k)
tg4
g4[m]
, ?Cmd(Ins)
tg5
g5 , !R(b)
(tg6
g6 ⑥
❼ CG = {Cnotifyg1[m] , Cnotifyg2[m] , Cackg3[m] , Cackg4[m] , C?Cmdg5 , C!Rg6}
❼ J = {CommIni, CommRes[m], ChannelNtf [m],
ChannelAck[m]}(m := 1, 2)
◆❡①t ✇❡ ❢♦r♠❛❧✐③❡ t❤❡ ❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡s❡ ❤♦❧❡s ❛s✿
❼ ❋♦r t❤❡ ❤♦❧❡ ✏❈♦♠♠■♥✐✑✿
ACommIni = {?Cmd(Ins)
tc , !notify(Ins, k)tn , ?ack(k, rm)
ta , !R(b)tR}
CCommIni = {C?Cmd, C!notify, C?ack, C!R}
RCommIni = {C?Cmd ≺ C
{2s−1}s∈N
!notify , C
{2s−1}s∈N
!notify ≺ C
{2s}s∈N
!notify ,
C
{2s−1}s∈N
!notify ≺ C
{2s−1}s∈N
?ack , C
{2s}s∈N
!notify ≺ C
{2s}s∈N
?ack ,
C
{2s−1}s∈N
?ack ≺ C
{2s}s∈N
?ack , C
{2s}s∈N
?ack ≺ C!R ≺ C
∆(1)
?cmd}
❼ ❋♦r t❤❡ ❤♦❧❡ ✏❈♦♠♠❘❡s❬♠❪✑ ✭♠ ✿❂ ✶✱ ✷✮✿
ACommRes[m] = {?notify(Ins, k)
tn
[m], !ack(k, rm)
ta
[m]}
CCommRes[m] = {C?notify[m] , C!ack[m]}
RCommRes[m] = {C?notify[m] ≺ C!ack[m] ≺ C
∆(1)
?notify[m]
}
❼ ❋♦r t❤❡ ❤♦❧❡ ✏❈❤❛♥♥❡❧◆t❢❬♠❪✑ ✭♠ ✿❂ ✶✱ ✷✮✿
AChannelNtf [m] = {c.?notify(Ins, k)
tn1
[m] , c.!notify(Ins, k)
tn2
[m]}
✷✇❤❡r❡ ✏−✑ r❡♣r❡s❡♥ts ❛ s✐♥❣❧❡ ❤♦❧❡ t❤❛t ❞♦❡s ♥♦t ♣❛rt✐❝✐♣❛t❡ ✐♥ t❤✐s s②♥❝❤r♦♥✐③❛t✐♦♥
❘❘ ♥➦ ✽✺✷✻
✶✷ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
CChannelNtf [m] = {Cc.?notify[m] , Cc.!notify[m]}
RchannelNtf [m] = {Cc.?notify[m] ≺ Cc.!notify[m] ≺ Cc.?notify∆(1)
[m]
}
❼ ❋♦r t❤❡ ❤♦❧❡ ✏❈❤❛♥♥❡❧❆❝❦❬♠❪✑ ✭♠ ✿❂ ✶✱ ✷✮✿
AChannelAck[m] = {c.?ack(k, rm)
ta1
[m], c.!ack(k, rm)
ta1
[m]}
CChannelAck[m] = {Cc.?ack[m] , Cc.!ack[m]}
RchannelAck[m] = {Cc.?ack[m] ≺ Cc.!ack[m] ≺ C
∆(1)
c.?ack[m]
}
■♥ t❤❡ ❡♥❞✱ ✇❡ s♣❡❝✐❢② t❤❡ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs✿
−→
V ❂ {
V1 :< C
{2s−1}s∈N
!notify(Ins,k=1),−, Cc.?notify(Ins)[1] ,− >→ Cnotifyg1[1] ✱
V2 :< −, C?notify[1] , Cc.!notify[1] ,− >→ Cnotifyg2[1] ✱
V3 :< −, C!ack[1] ,−, Cc.?ack[1] >→ Cackg3[1] ✱
V4 :< C
{2s−1}s∈N
?ack(k=1,rm)
,−,−, Cc.!ack(rm)[1] >→ Cackg4[1]
V5 :< C
{2s}s∈N
!notify(Ins,k=2),−, Cc.?notify(Ins)[2] ,− >→ Cnotifyg1[2] ✱
V6 :< −, C?notify[2] , Cc.!notify[2] ,− >→ Cnotifyg2[2] ✱
V7 :< −, C!ack[2] ,−, Cc.?ack[2] >→ Cackg3[2] ✱
V8 :< C
{2s}s∈N
?ack(k=2,rm)
,−,−, Cc.!ack(rm)[2] >→ Cackg4[2]
V9 :< C?Cmd,−,−,− >→ C?Cmdg5 ✱
V10 :< C!R,−,−,− >→ C!Rg6}
❉✐s❝✉ss✐♦♥✿ ❚✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❤♦❧❡s✳ ▲❡t ✉s ♥♦✇ ❛r❣✉❡ ❤♦✇ t❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤✐s
✉♣♣❡r✲❧❡✈❡❧ t✐♠❡❞✲♣◆❡t ❤♦❧❡s ♠❛② ❤❛✈❡ ❜❡❡♥ s♣❡❝✐✜❡❞✱ ✐♥ ❛ t♦♣✲❞♦✇♥ ❛♣♣r♦❛❝❤✱ ❜❡❢♦r❡ ❜✉✐❧❞✐♥❣ t❤❡✐r
t✐♠❡❞✲♣▲❚❙ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚❤✐s✱ ✐♥t✉✐t✐✈❡❧②✱ ✐s ❞♦♥❡ ❢r♦♠ t❤❡ ✐♥❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s❝❡♥❛r✐♦ ❛♥❞
t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ t♦♣ ❧❡✈❡❧ ❝♦♠♣♦♥❡♥t ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛r❝❤✐t❡❝t✉r❡✿
❚❛❦❡ t❤❡ ✏❈♦♠♠■♥✐✑ ❝♦♠♣♦♥❡♥t ❛s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ s❝❡♥❛r✐♦ r❡❧❛t❡❞ t♦ t❤❡ ❝♦♠♣♦♥❡♥t ✐s✿
✭✶✮ t❤❡ ❝♦♠♣♦♥❡♥t ✏❈♦♠♠■♥✐✑ ❣❡ts ❛ ❝❤❛♥❣❡✲❧❛♥❡ r❡q✉❡st ❜② ❝❧♦❝❦ C?cmd ❢r♦♠ t❤❡ ✏■♥✐t✐❛❧✑ ❝♦♠♣♦♥❡♥t❀
✭✷✮ t❤❡ ❝♦♠♣♦♥❡♥t ✏❈♦♠♠■♥✐✑ s❡♥❞s r❡q✉❡sts ❜② ❝❧♦❝❦ C!notify✱ ✐♥ s❡q✉❡♥❝❡✱ t♦ car1 ❛♥❞ car2 t♦ ❣❡t
❛❣r❡❡♠❡♥ts❀
✭✸✮ t❤❡ ❝♦♠♣♦♥❡♥t ✏❈♦♠♠■♥✐✑ ❝♦❧❧❡❝ts r❡s✉❧ts ❢r♦♠ car1 ❛♥❞ car2 ❜② ❝❧♦❝❦ C?ack❀
✭✹✮ t❤❡ ❝♦♠♣♦♥❡♥t r❡♣♦rts r❡s✉❧t t♦ ✏■♥✐t✐❛❧✑ ❝♦♠♣♦♥❡♥t ❜② ❝❧♦❝❦ C!R✳
❙✐♥❝❡ st❡♣ (1) ❤❛♣♣❡♥s ❡❛r❧✐❡r t❤❛♥ t❤❡ st❡♣ (2)✱ t❤❡ ❝❧♦❝❦ C?cmd ♠✉st ♣r❡❝❡❞❡ t❤❡ ❝❧♦❝❦ C!notify✳ ❚❤❡♥✱
✐♥ ♦✉r ✉s❡ ❝❛s❡✱ t❤❡ ❝♦♠♣♦♥❡♥t ✏❈♦♠♠■♥✐✧ s❡♥❞s ♥♦t✐✜❝❛t✐♦♥ s✐❣♥❛❧ t✇✐❝❡✱ s♦ ✇❡ ❤❛✈❡ ❝❧♦❝❦ r❡❧❛t✐♦♥
{C?Cmd ≺ C
{2s−1}s∈N
!notify ≺ C
{2s}s∈N
!notify }✳ ■♥ ❣❡♥❡r❛❧❧②✱ ✐❢ t❤❡r❡ ❛r❡ N ♥❡✐❣❤❜♦rs✱ t❤❡ ❝❧♦❝❦ r❡❧❛t✐♦♥ s❤♦✉❧❞
❜❡ {C?Cmd ≺ C
{Ns−(n−1)}s∈N
!notify ≺ C
{Ns−(n−2)}s∈N
!notify ≺ . . . ≺ C
{Ns}s∈N
!notify }✳ ❙✐♠✐❧❛r t♦ t❤❡ st❡♣ (2)✱ s✐♥❝❡ t❤❡
❝♦♠♣♦♥❡♥t r❡❝❡✐✈❡s ✏❛❝❦✑ s✐❣♥❛❧ t✇✐❝❡✱ s♦ ✇❡ ❤❛✈❡ t❤❡ ❝❧♦❝❦ r❡❧❛t✐♦♥ {C{2s−1}s∈N?ack ≺ C
{2s}s∈N
?ack }✳ ❋✉rt❤❡r✲
♠♦r❡✱ t❤❡ ❝❧♦❝❦ C!notify ✐♥ st❡♣ (2) s❤♦✉❧❞ ♣r❡❝❡❞❡ t❤❡ ❝❧♦❝❦ C?ack ✐♥ st❡♣ (3)✱ s♦ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥
C
{2s−1}s∈N
!notify ≺ C
{2s−1}s∈N
?ack ❛♥❞ C
{2s}s∈N
!notify ≺ C
{2s}s∈N
?ack ✳ ❋✐♥❛❧❧② t❤❡ s❝❡♥❛r✐♦ ❣♦❡s t♦ st❡♣ (4)✱ ✇❡ ❤❛✈❡ t❤❡
r❡❧❛t✐♦♥ {C{2s}s∈N?ack ≺ C!R}✳ ❙✐♥❝❡ t❤❡ s❝❡♥❛r✐♦ ✐s r❡♣❡❛t❛❜❧❡✱ ✇❡ s♣❡❝✐❢② t❤❡ ❝❧♦❝❦ r❡❧❛t✐♦♥ {C!R ≺ C
∆(1)
?cmd}✳
■♥ t❤❡ ❡♥❞✱ ✇❡ ❝♦♥❝❧✉❞❡✿
R{CommIni} = {C?Cmd ≺ C
{2s−1}s∈N
!notify , C
{2s−1}s∈N
!notify ≺ C
{2s}s∈N
!notify ,
C
{2s−1}s∈N
!notify ≺ C
{2s−1}s∈N
?ack , C
{2s}s∈N
!notify ≺ C
{2s}s∈N
?ack ,
C
{2s−1}s∈N
?ack ≺ C
{2s}s∈N
?ack , C
{2s}s∈N
?ack ≺ C!R ≺ C
∆(1)
?cmd}
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✶✸
==> TSATSA TSB TSC
C Impl[2]C Impl[1]
TSB TSC
Subsystem
A Impl
❋✐❣✉r❡ ✶✵✿ P❛rt✐❛❧ ✐♥st❛♥t✐❛t✐♦♥ ♦❢ ❛ ❚✐♠❡❞✲♣◆❡ts s✉❜s②st❡♠
■♥ s❡❝t✐♦♥ ✺✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡s❡ ❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥s ❛r❡ ✐♥❞❡❡❞ ❢✉❧✜❧❧❡❞ ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
t✐♠❡❞✲♣▲❚❙ ✏❈♦♠♠■♥✐✑✱ ✏❈♦♠❘❡s✑✱ ✏❈❤❛♥♥❡❧◆t❢✑✱ ❛♥❞ ✏❈❤❛♥♥❡❧❆❝❦✑✳
✺ ❈♦♠♣❛t✐❜✐❧✐t②
❲❤❡♥ ❛ss❡♠❜❧✐♥❣ t✐♠❡❞✲♣◆❡ts✱ t❤❡ ❛r❝❤✐t❡❝t ❤❛s t♦ ❡♥s✉r❡ t❤❛t t❤❡ t✐♠❡❞✲♣▲❚❙ t❤❛t ✇✐❧❧ ❜❡ ♣❧✉❣❣❡❞
✐♥t♦ ❛ ❤♦❧❡ ✐♥❞❡❡❞ ♠❛t❝❤❡s t❤❡ ❤♦❧❡ ❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥✳ ❚❤❡ ✉❧t✐♠❛t❡ ❣♦❛❧ ✐s t♦ ♣r♦✈✐❞❡ ❛ r❡✜♥❡♠❡♥t✲
❜❛s❡❞ ❛♣♣r♦❛❝❤✿ t✐♠❡❞ ♣r♦♣❡rt✐❡s ♣r♦✈❡❞ ♦♥ ❛♥ ♦♣❡♥ ✭❛❜str❛❝t✮ t✐♠❡❞✲♣◆❡t s②st❡♠ ✇✐❧❧ ❜❡ ♣r❡s❡r✈❡❞ ❜②
r❡✜♥❡♠❡♥t ♦❢ ❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥s✳ ❖♥❡ ♦❢ t❤❡ ❜❛s✐❝ t♦♦❧ ❢♦r ❜✉✐❧❞✐♥❣ s✉❝❤ r❡✜♥❡♠❡♥t ✐s t♦ ❡♥s✉r❡ t❤❡
❝♦♠♣❛t✐❜✐❧✐t② ♦❢ ❛ s✉❜s②st❡♠ ✇✐t❤ t❤❡ ❡♥❝❧♦s✐♥❣ ❤♦❧❡s ❜❡❢♦r❡ ❝♦♠♣♦s✐♥❣ t❤❡ s②st❡♠✳ ❊✳❣✳ ✐♥ ❋✐❣✳ ✶✵✱ t❤❡
❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥ ✭❚❙✮ ♦❢ t❤❡ s✉❜s②st❡♠ ✏❆❴■♠♣❧✑ ♠✉st ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ TSA✱ ❛♥❞ ❡❛❝❤ ♦❢ t❤❡
✏❈❴■♠♣❧✑ ♠✉st ❜❡ ❝♦♠♣❛t✐❜❧❡ ✭✐♥❞✐✈✐❞✉❛❧❧②✮ ✇✐t❤ TSC ✳
❖✉r ♥♦t✐♦♥ ♦❢ ❝♦♠♣❛t✐❜✐❧✐t② ✇✐❧❧ ❜❡ ❜❛s❡❞ ♦♥ t❤❡ ✐♥❝❧✉s✐♦♥ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❈❧♦❝❦ r❡❧❛t✐♦♥ s❡ts✳
❇❡❢♦r❡ ❣✐✈✐♥❣ ✐ts ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣ts ♦❢ ✏❙❛t✉r❛t❡❞ r❡❧❛t✐♦♥ s❡t✑ ❛♥❞ ✏❘❡❧❛t✐♦♥
s❡t ✐♥❝❧✉s✐♦♥✑✳
❉❡✜♥✐t✐♦♥ ✾ ✭❙❛t✉r❛t❡❞ ❘❡❧❛t✐♦♥ ❙❡t✮✳ ▲❡t TS =< C,R > ❜❡ ❛ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ✇✐t❤ ❛ s❡t ♦❢ ❝❧♦❝❦s C
❛♥❞ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s R✳ ❚❤❡ s❛t✉r❛t❡❞ r❡❧❛t✐♦♥ s❡t ✭❞❡♥♦t❡❞ ❛s R+✮ ✐s t❤❡ ❝❧♦❝❦ r❡❧❛t✐♦♥ s❡t R ❛✉❣♠❡♥t❡❞
❜② ❛❧❧ r❡❧❛t✐♦♥s ♣♦ss✐❜❧② ❞❡❞✉❝❡❞ ❢r♦♠ R✱ ❜② tr❛♥s✐t✐✈✐t② ♦❢ ♣r❡❝❡❞❡♥❝❡ ❛♥❞ r❡✢❡①✐✈✐t②✱ s②♠♠❡tr②✱ ❛♥❞
tr❛♥s✐t✐✈✐t② ♦❢ ❝♦✐♥❝✐❞❡♥❝❡✳
❋♦r ❡①❛♠♣❧❡✱ ✐❢ R = {c1 ≺ c2 ≺ c3} ✭c1, c2, c3 ∈ C✮✱ t❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ tr❛♥s✐t✐✈✐t② ♣r♦♣❡rt② ♦❢ t❤❡
r❡❧❛t✐♦♥ ≺✱ ✇❡ ❝❛♥ ❣❡t ❛ ♥❡✇ r❡❧❛t✐♦♥ s❡t R+ = {c1 ≺ c2 ≺ c3, c1 ≺ c3, c1 = c1, c2 = c2, ...⑥
❉❡✜♥✐t✐♦♥ ✶✵ ✭■♥❝❧✉s✐♦♥ ♦❢ t✐♠❡ s♣❡❝✐✜❝❛t✐♦♥s✮✳ ●✐✈❡♥ t✇♦ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s TS1 =< C1, R1 > ❛♥❞
TS2 =< C2, R2 >✳ ▲❡t R
+
1 ✭r❡s♣✳ R
+
2 ✮ ❜❡ ❛ s❡t ♦❢ ❤✐❞❞❡♥ r❡❧❛t✐♦♥s ✐♥ t❤❡ TS1 ✭r❡s♣✳ TS2✮✳ ❲❡ s❛② TS2
✐♥❝❧✉❞❡s TS1 ✭❞❡♥♦t❡❞ ❛s TS1 ≪ TS2✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ C1 ⊆ C2∧ R1 ⊆ R
+
2 ✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥✱ TS1 ≪ TS2 ♠❡❛♥s t❤❛t t❤❡ r❡❧❛t✐♦♥ ❡①✐st✐♥❣ ✐♥ t❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥
TS1 ♠✉st ❡①✐st ✐♥ TS2 ♦r ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥s ✐♥ TS2✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ss✉♠❡ TS1 = {c1 ≺
c3}✱ TS2 = {c1 ≺ c2 ≺ c3}✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ tr❛♥s✐t✐✈✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ✏≺✑✱ ✇❡ ❝❛♥ ❣❡t t❤❡ t❤❡
s❛t✉r❛t❡❞ r❡❧❛t✐♦♥ s❡t ♦❢ t❤❡ TS2 ❛s R+ = {c1 ≺ c2 ≺ c3, c1 ≺ c3, c1 = c1, c2 = c2, ...}✳ ❙✐♥❝❡ t❤❡ r❡❧❛t✐♦♥
✐♥ TS1 ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥s ✐♥ TS2✱ ✇❡ s❛② TS2 ✐♥❝❧✉❞❡s TS1 ✭TS1 ≪ TS2✮✳
▲❡♠♠❛ ✶✳ ■❢ TS1 =< C1, R1 > ❛♥❞ TS2 =< C2, R2 > ❛r❡ t✇♦ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s✱ t❤❡♥ TS1 ≪
TS2 =⇒ R
+
1 ⊆ R
+
2
Pr♦♦❢✳ ❚❛❦❡♥ ❛♥② t✇♦ r❡❧❛t✐♦♥ r1✱ r′1 ∈ R1✳ ▲❡t r
+
1 ∈ R
+
1 ❜❡ t❤❡ r❡❧❛t✐♦♥ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ t✇♦ r❡❧❛t✐♦♥s
r1✱ r′1 ✐♥ t❡r♠s ♦❢ t❤❡ ♣r♦♣❡rt② P ♣r♦♣♦s❡❞ ✐♥ s❡❝t✐♦♥ ✷✳ ❆ss✉♠❡ r
+
1 6∈ R
+
2 ✳ ❙✐♥❝❡ TS1 ≪ TS2✱ ❢r♦♠
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥❝❧✉s✐♦♥ ✇❡ ❦♥♦✇ R1 ⊆ R
+
2 ✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❦♥♦✇ r1, r
′
1 ∈ R
+
2 ✳ ❙♦ ✐♥ t❤❡ s❡t R
+
2 ✇❡
❝❛♥ ❣❡t t❤❡ r❡❧❛t✐♦♥ r+1 ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ♣r♦♣❡rt② P ✳ ❙♦ ✇❡ ❤❛✈❡ r
+
1 ∈ R
+
2 t❤❛t ✐s ❝♦♥tr❛❞✐❝t ✇✐t❤ ♦✉r
❛ss✉♠♣t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ r+1 ∈ R
+
2 ✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ r
+
1 ∈ R
+
1 ✱ s♦ R
+
1 ⊆ R
+
2 ✳
❘❘ ♥➦ ✽✺✷✻
✶✹ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
❉❡✜♥✐t✐♦♥ ✶✶ ✭❈♦♠♣❛t✐❜✐❧✐t②✮✳ ▲❡t TS ❜❡ t❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛ t✐♠❡❞✲♣◆❡ts ❤♦❧❡ H✱ ❛♥❞ TS′ ❜❡
t❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ H❴Impl✳ ❲❡ s❛② H❴Impl ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ H✱ ❞❡♥♦t❡❞
❜② H❴Impl ⊑ H ✐❢ ❛♥❞ ♦♥❧② ✐❢ TS ≪ TS′✳
❚❤❡♦r❡♠ ✶✳ ▲❡t TS ❜❡ t❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❤♦❧❡ H✳ ▲❡t TS′1 ✭r❡s♣✳ TS
′
2✮ ❜❡ t❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥
♦❢ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ H❴Impl1 ✭r❡s♣✳ H❴Impl2✮✳ ■❢ H❴Impl1 ⊑ H ❛♥❞ TS
′
1 ≪ TS
′
2✱ t❤❡♥ H❴Impl2 ⊑
H✳
Pr♦♦❢✳ ❆ss✉♠❡ TS′1 =< C
′
1, R
′
1 >✱ TS
′
2 =< C
′
2, R
′
2 > ❛♥❞ TS =< C,R >✳ ▲❡t R
′+
1 ✭r❡s♣✳ R
′+
2 ✱
R+✮ ❜❡ t❤❡ s❛t✉r❛t❡❞ r❡❧❛t✐♦♥ ❢r♦♠ TS′1 ✭r❡s♣✳ TS
′
2✱ TS✮✳ ❙✐♥❝❡ H❴Impl1 ⊑ H✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
r❡✜♥❡♠❡♥t r❡❧❛t✐♦♥✱ ✇❡ ❤❛✈❡ TS ≪ TS′1✳ ❋✉rt❤❡r♠♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ■♥❝❧✉s✐♦♥ ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡
R ⊆ R′+1 ✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ ✇❡ ❦♥♦✇ t❤❛t TS
′
1 ≪ TS
′
2✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ▲❡♠♠❛ ✶✱ ✇❡ ❤❛✈❡ R
′+
1 ⊆ R
′+
2 ✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ s❡t t❤❡♦r②✱ ✇❡ ❦♥♦✇ t❤❛t R ⊆ R′+2 ✳ ❋✐♥❛❧❧②✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ■♥❝❧✉s✐♦♥ ❛♥❞ r❡✜♥❡♠❡♥t
r❡❧❛t✐♦♥ ❞❡✜♥✐t✐♦♥✱ ✇❡ ❣❡t H❴Impl2 ⊑ H✳
✻ ●❡♥❡r❛t✐♥❣ t❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛ t✐♠❡❞✲♣▲❚❙
❆s ✇❡ s❡❡ ✐♥ t❤❡ ❋✐❣✳✾✱ t✐♠❡❞✲♣▲❚❙s ❛r❡ ❝♦♥❝r❡t❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤♦s❡ ❤♦❧❡s✳ ■♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❡
❝♦♠♣❛t✐❜✐❧✐t②✱ ✇❡ ♥❡❡❞ t♦ ❣❡♥❡r❛t❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s ❢♦r t❤♦s❡ ❝♦♥❝r❡t❡ t✐♠❡❞✲♣▲❚❙s✳ ❍❡r❡ ✇❡ ♣r♦♣♦s❡
r✉❧❡s t♦ ❛✉t♦♠❛t✐❝❛❧❧② ❣❡♥❡r❛t❡ ❛ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ❢r♦♠ t❤❡ ▲❚❙ ♣❛rt ♦❢ ❛ t✐♠❡❞✲♣▲❚❙✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
❣✐✈❡♥ t❤❡ ❛❝t✐♦♥ ❛❧❣❡❜r❛ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ ♦❢ ❛ t✐♠❡❞✲♣▲❚❙✱ ✇❡ ❝♦♠♣✉t❡ ✐ts s❡t ♦❢ ❝❧♦❝❦s✱ ❛♥❞
t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡ ❝❧♦❝❦s✳
❚❤✐s ♣r♦❝❡❞✉r❡ r✉♥s ✐♥ ✹ ♣❤❛s❡s ❛s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳ ✶✶✳ ❚❤❡ ✐♥♣✉ts ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ✐♥❝❧✉❞❡ ❛
t✐♠❡❞✲♣▲❚❙ ❛♥❞ ❛ s❡t ♦❢ r✉❧❡s t❤❛t t❡❧❧s ❤♦✇ t♦ s❡t t❤❡ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s ❛♥❞ ✐ts ✐♥❞❡① ❢✉♥❝t✐♦♥s✳ ■♥
st❡♣ ✶✱ ✇❡ tr❛✈❡rs❡ t❤❡ t✐♠❡❞✲♣▲❚❙ ❛♥❞ ❣❡♥❡r❛t❡ ❛ ✏s②♠❜♦❧✐❝✑ t❛❜❧❡ t❤❛t ❣❛t❤❡rs ❛❧❧ ♣♦ss✐❜❧❡ ❝❛✉s❛❧❧②
r❡❧❛t❡❞ ♣❛✐rs ♦❢ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ t✐♠❡❞✲♣▲❚❙✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❝❧♦❝❦ ♦❝❝✉rr❡♥❝❡s✳
■♥ st❡♣ ✷ ✇❡ ❣♦ t❤r♦✉❣❤ t❤❡ s②♠❜♦❧✐❝ t❛❜❧❡ ❛♥❞ ❜✉✐❧❞ ❛ ✏❝♦♥❝r❡t❡✑ t❛❜❧❡ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❝♦❧✉♠♥ r❡♣r❡s❡♥t
♦♥❡ s♣❡❝✐✜❝ ✏r♦✉♥❞✑ ♦❢ ❡①❡❝✉t✐♦♥ t❤r♦✉❣❤ t❤❡ s②♠❜♦❧✐❝ t❛❜❧❡ ✭✇✐t❤ ❝♦♥❝r❡t❡ ✐♥❞❡① ❛ss✐❣♥♠❡♥ts✮✳ ■♥ t❤❡
❝♦♥❝r❡t❡ t❛❜❧❡ ❣✉❛r❞s ♦❢ t❤❡ t✐♠❡❞✲♣▲❚❙ ❝❛♥ ❜❡ r❡s♦❧✈❡❞✱ s♦ s♦♠❡ ♦❢ t❤❡ s②♠❜♦❧✐❝ tr❛♥s✐t✐♦♥s ♠❛② ❜❡
❡❧✐♠✐♥❛t❡❞✳ ■♥ st❡♣ ✸ ✇❡ ❣❡♥❡r❛t❡ ❛ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ❢♦r ❡❛❝❤ r❡❧❛t✐♦♥✳ ■♥ t❤❡ ❡♥❞ ✭st❡♣ ✹✮✱ ✇❡ ❧✐❢t t❤♦s❡
♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s t♦ ❝❧♦❝❦ r❡❧❛t✐♦♥s✱ ❛♥❞ ❣❡♥❡r❛t❡ t❤❡ ❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥
✻✳✶ ❆✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s✿ Pr❡✴P♦st s❡ts
❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ ❙t❡♣ ✶✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ❢✉♥❝t✐♦♥s ❝♦♠♣✉t✐♥❣ t❤❡ ♣r❡✴♣♦st s❡ts ♦❢ t❤❡ t✐♠❡❞✲♣▲❚❙
st❛t❡s✳
❋♦r ❛ t✐♠❡❞✲♣▲❚❙ tr❛♥s✐t✐♦♥ s②st❡♠ < P, S, s0, A,C,→>✱ ✇❡ ❞❡♥♦t❡ PreAct(s, s′)✱ t❤❡ s❡t ♦❢ ❞✐r❡❝t
♣r❡❝❡❞✐♥❣ t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡s ♦❢ s ❢r♦♠ s′❀ ❛♥❞ PostAct(s, s′) t❤❡ s❡t ♦❢ ❞✐r❡❝t s✉❝❝❡❡❞✐♥❣ t✐♠❡❞✲
❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡s ♦❢ st❛t❡ s t♦✇❛r❞s st❛t❡ s′✳ ❚❤❡♥ ✇❡ ❞❡♥♦t❡ PreAct(s) ✭r❡s♣✳ PostAct(s)✮ t❤❡ s❡t
♦❢ ❛❧❧ ❞✐r❡❝t ♣r❡❝❡❞✐♥❣ ✭r❡s♣✳ s✉❝❝❡❡❞✐♥❣✮ t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡s ♦❢ st❛t❡ s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡
PreActIndex(s) ✭r❡s♣✳ PostActIndex(s)✮ ❛s t❤❡ s✉♠ ♦❢ t❤❡ ✐♥❞❡①❡s ♦❢ t❤❡ s❡t ♦❢ ♣r❡❝❡❞✐♥❣ ✭r❡s♣✳
s✉❝❝❡❡❞✐♥❣✮ t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡s ♦❢ st❛t❡ s✳ ❚❤❡ s✉♠ ❝♦rr❡s♣♦♥❞s t♦ ❝❛s❡s ✇❤❡r❡ ❜r❛♥❝❤✐♥❣ ✐♥
t❤❡ ▲❚❙ ❛❧❧♦✇s s♦♠❡ ❡①❡❝✉t✐♦♥s t♦ ❣♦ s❡✈❡r❛❧ t✐♠❡s t❤r♦✉❣❤ ❛❧t❡r♥❛t✐✈❡ tr❛♥s✐t✐♦♥s ♦✉t ♦❢ s♦♠❡ st❛t❡s✳
❋♦r♠❛❧❧②✿
❉❡✜♥✐t✐♦♥ ✶✷ ✭Pr❡❝❡❞✐♥❣ ❚✐♠❡❞✲❆❝t✐♦♥ ❖❝❝✉rr❡♥❝❡s✮✳ ▲❡t < P,S, s0, A,C,→> ❜❡ ❛ t✐♠❡❞✲♣▲❚❙ tr❛♥✲
s✐t✐♦♥ s②st❡♠✳ ❋♦r s ∈ S ❛♥❞ α(p)tα|b ∈ A, (p ∈ P )✱ t❤❡ ❞✐r❡❝t ♣r❡❝❡❞✐♥❣ t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡ ♦❢ s
✐s ❞❡✜♥❡❞ ❛s PreAct(s, s′) = {α❴i|s′
Cα−−→ s, α❴i ∈ Cα, } (s, s
′ ∈ S)✳ ❚❤❡ s❡t ♦❢ ❞✐r❡❝t ♣r❡❝❡❞✐♥❣ t✐♠❡❞✲
❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡s ♦❢ s ✐s ❞❡✜♥❡❞ ❛s PreAct(s) =
⋃
s′∈S PreAct(s, s
′)✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡♥♦t❡ t❤❡ ✐♥❞❡①
♦❢ ❛ ♣r❡❝❡❞✐♥❣ t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡ ❛s PreActIndex(s, s′) = {i|s′
Cα−−→ s, α❴i ∈ Cα(s, s
′ ∈ S)}✱ ❛♥❞
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✶✺
❋✐❣✉r❡ ✶✶✿ ❙t❡♣s ❢♦r ❣❡♥❡r❛t✐♥❣ t❤❡ ❚❙ ♦❢ ❛ t✐♠❡❞✲♣▲❚❙
❙t❛t❡ ❚r❛♥s✐t✐♦♥ ❖❝❝✉rr❡♥❝❡ ❘❡❧❛t✐♦♥s ■♥❞❡① ❆ss✐❣♥♠❡♥t
s0 tr0 : s2
C!R−−→ s0
C?Cmd−−−−→ s1 !R❴m ≺ ?Cmd❴n ftr0 : n = m+ 1
s1 tr1 : s0
C?Cmd−−−−→ s1
Cτ−−→ s2 ?Cmd❴n ≺ τ❴r ftr1 : r = n
tr2 : s0
C?Cmd−−−−→ s1
C!Notify
−−−−−→ s1 ?Cmd❴n ≺ !notify❴i ftr2 : i := i+ 1
tr3 : s1
C!Notify
−−−−−→ s1
C!Notify
−−−−−→ s1 !notify❴i ≺!notify❴(i+ 1)
tr4 : s1
C!Notify
−−−−−→ s1
Cτ−−→ s2 !notify❴i ≺ τ❴r ftr4 : r = n
s2 tr5 : s1
Cτ−−→ s2
C!R−−→ s0 τ❴r ≺!R❴m ftr5 : m = r
tr6 : s1
Cτ−−→ s2
C?Ack−−−−→ s2 τ❴r ≺ ?ack❴j ftr6 : j := j + 1
tr7 : s2
C?Ack−−−−→ s2
C?Ack−−−−→ s2 ?Ack❴j ≺ ?ack❴(j + 1)
tr8 : s2
C?Ack−−−−→ s2
C!R−−→ s0 ?Ack❴j ≺!R❴m ftr8 : m = r
❋✐❣✉r❡ ✶✷✿ ❚✐♠❡ ❛ss✐❣♥♠❡♥t ❢♦r t❤❡ ❚✐♠❡❞✲♣▲❚❙ ✏❈❛r✳❈♦♠♠■♥✐✑
t❤❡ s✉♠ ♦❢ t❤❡ ✐♥❞❡①❡s ♦❢ ❛ s❡t ♦❢ ♣r❡❝❡❞✐♥❣ t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡s ♦❢ st❛t❡ s ❛s
PreActIndex(s) =
∑
s′∈S PreActIndex(s, s
′)✳
❉❡✜♥✐t✐♦♥ ✶✸ ✭❙✉❝❝❡❡❞✐♥❣ ❚✐♠❡❞✲❆❝t✐♦♥ ❖❝❝✉rr❡♥❝❡s✮✳ ▲❡t < P,S, s0, A,C,→> ❜❡ ❛ t✐♠❡❞✲♣▲❚❙ tr❛♥✲
s✐t✐♦♥ s②st❡♠✳ ❋♦r s ∈ S ❛♥❞ α(p)tα|b ∈ A, (p ∈ P )✱ t❤❡ ❞✐r❡❝t s✉❝❝❡❡❞✐♥❣ t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡ ♦❢
st❛t❡ s ✐s ❞❡✜♥❡❞ ❛s PostAct(s, s′) = {α❴i|s
Cα−−→ s′, α❴i ∈ Cα}✱ (s, s
′ ∈ S)✳ ❚❤❡ s❡t ♦❢ ❞✐r❡❝t s✉❝❝❡❡❞✐♥❣
t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡s ♦❢ st❛t❡ s ✐s ❞❡✜♥❡❞ ❛s PostAct(s) =
⋃
s′∈S PostAct(s, s
′)✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✲
♥♦t❡ t❤❡ ✐♥❞❡① ♦❢ ❛ s✉❝❝❡❡❞✐♥❣ t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡ ❛s PostActIndex(s, s′) = {i|s
Cα−−→ s′, α❴i ∈ Cα}✱
(s, s′ ∈ S)✱ ❛♥❞ t❤❡ s✉♠ ♦❢ t❤❡ ✐♥❞❡①❡s ♦❢ ❛ s❡t ♦❢ s✉❝❝❡❡❞✐♥❣ t✐♠❡❞✲❛❝t✐♦♥ ♦❝❝✉rr❡♥❝❡s ♦❢ s ❛s
PostActIndex(s) =
∑
s′∈S PostActIndex(s, s
′)✳
✻✳✷ ❘❡❧❛t✐♦♥s ❛♥❞ ❛ss✐❣♥♠❡♥t r✉❧❡s
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐♥ ❙t❡♣ ✶ ✐s ❜❛s❡❞ ♦♥ ❛ s❡t ♦❢ r✉❧❡s ✐❞❡♥t✐❢②✐♥❣ s♣❡❝✐✜❝ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ st❛t❡s ✐♥
t❤❡ t✐♠❡❞✲♣▲❚❙ tr❛✈❡rs❛❧✳ ❋♦r ❡❛❝❤ s✉❝❤ ❝♦♥✜❣✉r❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ ❛ r✉❧❡ t❤❛t ❡①♣r❡ss❡s t❤❡ r❡❧❛t✐♦♥✭s✮
❘❘ ♥➦ ✽✺✷✻
✶✻ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ♣r❡❝❡❞✐♥❣ ❛♥❞ s✉❝❝❡❡❞✐♥❣ ❝❧♦❝❦ ♦❝❝✉rr❡♥❝❡s ♦❢ t❤❡ ❝✉rr❡♥t st❛t❡✱ ❛♥❞ t❤❡ ❝❤❛♥❣❡s ✐♥
t❤❡ ❝❧♦❝❦ ♦❝❝✉rr❡♥❝❡ ✐♥❞❡①❡s✳
❚❤❡ ♠❛✐♥ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡✿ ✐♥✐t✐❛❧ st❛t❡✱ ✐♥ ✇❤✐❝❤ ✇❡ ❤❛✈❡ t♦ ✐♥✐t✐❛❧✐③❡ ✐♥❞❡①❡s✱ ❛♥❞ ✐♥❝r❡❛s❡ ❛♥
✐♥❞❡① ❡❛❝❤ t✐♠❡ t❤❡ s②st❡♠ ❣♦❡s t❤r♦✉❣❤ ❛ ♥❡✇ ❣❧♦❜❛❧ r♦✉♥❞❀ st❛♥❞❛r❞ st❛t❡ ✐♥ ✇❤✐❝❤ ✇❡ r❡❣✐st❡r t❤❡
✐♥❝r❡❛s❡ ♦❢ ♦♥❡ ♦❢ t❤❡ ✐♥✈♦❧✈❡❞ ✐♥❞❡①❀ ❛♥❞ ❧♦♦♣✐♥❣ st❛t❡s✱ ✐♥ ✇❤✐❝❤ ✇❡ ❤❛✈❡ t♦ t❛❦❡ ❝❛r❡ ♦❢ ❣✉❛r❞s ❢♦r
❡♥t❡r✐♥❣✴❧❡❛✈✐♥❣ ❧♦♦♣s✱ ✐♥ t❡r♠s ♦❢ ❛ s♣❡❝✐✜❝ ✏❧♦♦♣ ❝♦✉♥t❡r✑✳
❲❡ ❞❡✜♥❡ ❛ r❡str✐❝t✐✈❡ ♥♦t✐♦♥ ♦❢ ❧♦♦♣✐♥❣ st❛t❡ ✇❤✐❝❤ ❛r❡ r❡❛s♦♥❛❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r t✐♠❡❞ ❛♥❛❧②s✐s✳
❆ ❧♦♦♣✐♥❣ st❛t❡ ♠❛② ❤❛✈❡ ♦♥❡ ♦r ♠♦r❡ ❧♦♦♣s ♦❢ ❛r❜✐tr❛r② ❧❡♥❣t❤✱ ❜✉t ❝♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ s❛♠❡ st❛t❡✳
❆♥❞ ❡❛❝❤ ❧♦♦♣ ♠✉st st❛rt ✇✐t❤ ❛ tr❛♥s✐t✐♦♥ ✇✐t❤ ❛ ❣✉❛r❞ t❛❦✐♥❣ t❤❡ ♣r❡❝✐s❡ ❢♦r♠ ♦❢ ❛ ✏❧♦♦♣ ❝♦✉♥t❡r✑
❝♦♥tr♦❧✱ ♥❛♠❡❧② ❬❦❂✶❀ ❦✰✰❀ ❦ ≤ ❦▼❛①❪ ❢♦r s♦♠❡ ❝♦✉♥t❡r ✈❛r✐❛❜❧❡ ❦✱ ✐♥ ✇❤✐❝❤ ❦▼❛① ♠❛② ❜❡ ❛ ♣♦s✐t✐✈❡
♥❛t✉r❛❧ ♥✉♠❜❡r✱ ♦r ❛ ✈❛r✐❛❜❧❡✳ ▲♦♦♣ ❣✉❛r❞s ❝❛♥ s❤❛r❡ ❛ ❧♦♦♣ ❝♦✉♥t❡r ✭s❡❡ ❡✳❣✳ ❋✐❣✳ ✶✸✮✱ s♦ s❡✈❡r❛❧ ❧♦♦♣s
✇✐❧❧ ❜❡ ❡①❡❝✉t❡❞ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ t✐♠❡s❀ ❜✉t ♦t❤❡r✇✐s❡ ❞✐✛❡r❡♥t ❧♦♦♣ ❝♦✉♥t❡rs ♠✉st ❜❡ ✐♥❞❡♣❡♥❞❡♥t✳
❖❢ ❝♦✉rs❡ ♦♥❡ ❝♦✉❧❞ ✐♠❛❣✐♥❡ ♠♦r❡ ❝♦♠♣❧❡① str✉❝t✉r❡s ❢♦r ♦✉r t✐♠❡❞✲♣▲❚❙s✱ ❜✉t t❤✐s r❡str✐❝t✐♦♥ ❛❧r❡❛❞②
❝♦✈❡rs ❛ ❧♦t ♦❢ ✐♥t❡r❡st✐♥❣ ❝❛s❡s✱ ❛♥❞ ♠❛❦❡ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ ❚✐♠❡s ❙♣❡❝✐✜❝❛t✐♦♥ ❡❛s✐❡r✳
■♥ t❤❡s❡ r✉❧❡s✱ ❢♦r s✐♠♣❧✐✜❝❛t✐♦♥✱ ✇❡ r❡♣r❡s❡♥t r❡❧❛t✐♦♥s ♦♥ t✇♦ s❡ts ✭S1 ✭r❡s♣✳ S2✮ ✐s ❛ s❡t ♦❢ ♦❝❝✉r✲
r❡♥❝❡s ♦❢ ❝❧♦❝❦s✮✿ S1 ≺ S2 ♠❡❛♥s ∀αm ∈ S1, βn ∈ S2, αm ≺ βn ✭m,n ∈ N✮✳
✭✶✮ ■♥✐t✐❛❧ st❛t❡✳ ■❢ PreAct(s0) 6∈ ∅✱ t❤❡♥ PreAct(s0) ≺ PostAct(s0)✱
[ ❆ss✐❣♥✿ PostActIndex(s0) ⇐ PreActIndex(s0) + 1 ];
✭✷✮ ❙t❛♥❞❛r❞ st❛t❡✳ ∀s\s0✱ PreAct(s) ≺ PostAct(s)✱
[ ❆ss✐❣♥✿ PostActIndex(s) ⇐ PreActIndex(s) ];
✭✸✮ ▲♦♦♣✐♥❣ st❛t❡✳ ∀s✱ ✐❢ ∃α.s
Cα−−→ s ❛♥❞ t❤❡ ❧♦♦♣ ❡①❡❝✉t❡s ◆ t✐♠❡s✱ t❤❡♥
✭✸✳✶✮ ❣♦ ✐♥s✐❞❡ t❤❡ ❧♦♦♣
PreAct(s) ≺ α❴i,
[ ❆ss✐❣♥✿ i := i+ 1]
✭✸✳✷✮ st❛② ✐♥ ❧♦♦♣✱
α❴i ≺ α❴(i+ 1)
✭✸✳✸✮ ❧❡❛✈❡ ❧♦♦♣✿
✭✸✳✸✳✶✮ ❧❡❛✈❡ ❧♦♦♣ t♦ ❛♥♦t❤❡r ❧♦♦♣✱ ❡✳❣✳ ∃β.s
Cβ
−−→ s (β❴j ∈ PostAct(s, s)\α❴i)✿
α❴i ≺ β❴j,
[ ❆ss✐❣♥✿ j := j + 1 ]
✭✸✳✸✳✷✮ t♦ ♦♥❡ ♣♦st✲❛❝t✐♦♥ ♦✉t ♦❢ PostAct(s, s0) ✿
α❴i ≺ PostAct(s)\PostAct(s, s0),
[ ❆ss✐❣♥✿
PostActIndex(s) ⇐ PreActIndex(s)].
✭✸✳✸✳✸✮ t♦ ♦♥❡ ♣♦st✲❛❝t✐♦♥ ✐♥ PostAct(s, s0)✿
α❴i ≺ PostAct(s, s0),
[ ❆ss✐❣♥✿
PostActIndex(s) ⇐ PreActIndex(s) + 1].
✻✳✸ ❚❤❡ ▼❡t❤♦❞ ❢♦r ●❡♥❡r❛t✐♥❣ ❚✐♠❡❞ ❙♣❡❝✐✜❝❛t✐♦♥
❚❤✐s s✉❜s❡❝t✐♦♥ ✐♥tr♦❞✉❝❡s ❛ ♠❡t❤♦❞ ♦❢ ❣❡♥❡r❛t✐♥❣ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ❢r♦♠ t✐♠❡❞✲♣▲❚❙✳ ❲❡ st❛t❡ t✇♦
❛❧❣♦r✐t❤♠s ❛♥❞ ✹ st❡♣s✳
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✶✼
✻✳✸✳✶ ❙t❡♣ ✶✿ ❣❡♥❡r❛t❡ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s t❛❜❧❡
❆❧❣♦r✐t❤♠✶ ✉s❡s t❤❡ r✉❧❡s ❛❜♦✈❡ t♦ ❜✉✐❧❞ ❛♥ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ t❛❜❧❡✳ ▼♦r❡ ♣r❡❝✐s❡❧② ❡❛❝❤ r♦✇ ✐♥ t❤❡
t❛❜❧❡ ❧✐sts ❛ s♣❡❝✐✜❝ ♣❛✐r ♦❢ Pr❡✴P♦st tr❛♥s✐t✐♦♥s ♦❢ ❛ st❛t❡✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥
❛♥❞ ✐♥❞❡① ✐♥❝r❡❛s❡ ❢✉♥❝t✐♦♥ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r✉❧❡✳
❆❧❣♦r✐t❤♠ ✶ ●❡♥❡r❛t❡ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s t❛❜❧❡
■♥♣✉t✿ ❛ t✐♠❡❞✲♣▲❚❙ ❣r❛♣❤ ❛♥❞ r✉❧❡s✳
❖✉t♣✉t✿ ❆ t❛❜❧❡ ♦❢ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ✇✐t❤ ✐ts ✐♥❞❡① ❛ss✐❣♥♠❡♥t ❢✉♥❝t✐♦♥✳
❢♦r ❡❛❝❤ st❛t❡ si ✐♥ ▲❚❙ ❣r❛♣❤ ❞♦
❢♦r ❡❛❝❤ ♣❛✐r (s1, s2) s✉❝❤ t❤❛t s1
C1−−→ si
C2−−→ s2 ❞♦
✐♥s❡rt ❛ r♦✇ ✇✐t❤ State = si✱ Transition = s1
C1−−→ si
C2−−→ s2✳
✐❢ si = s0 ❆◆❉ si ❤❛s ♥♦ s❡❧❢✲❧♦♦♣ t❤❡♥
❛♣♣❧② ❝❛s❡ ✭✶✮ r✉❧❡s✱ ❛❞❞✐♥❣ t❤❡ r❡❧❛t✐♦♥s ❛♥❞ ❛ss✐❣♥♠❡♥ts ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r♦✇s✳
❡♥❞ ✐❢
✐❢ si 6= s0 ❆◆❉ si ❤❛s ♥♦ s❡❧❢✲❧♦♦♣ t❤❡♥
❛♣♣❧② ❝❛s❡ ✭✷✮ r✉❧❡s
❡♥❞ ✐❢
✐❢ si ✐♥❝❧✉❞❡s ♦♥❡ s❡❧❢✲❧♦♦♣ t❤❡♥
✐❢ si = s0 t❤❡♥
❛♣♣❧② ❝❛s❡ ✭✶✮✱ ✭✸✳✶✮✱ ✭✸✳✷✮ ❛♥❞ ✭✸✳✸✳✸✮ r✉❧❡s
❡❧s❡
❛♣♣❧② ❝❛s❡ ✭✷✮✱ ✭✸✳✶✮✱ ✭✸✳✷✮ ❛♥❞ ✭✸✳✸✳✷✮ r✉❧❡s
❡♥❞ ✐❢
❡❧s❡
✐❢ si = s0 t❤❡♥
❛♣♣❧② ❝❛s❡ ✭✶✮✱ ✭✸✳✶✮✱ ✭✸✳✷✮✱ ✭✸✳✸✳✶✮ ❛♥❞ ✭✸✳✸✳✸✮ r✉❧❡s
❡❧s❡
❛♣♣❧② ❝❛s❡ ✭✷✮✱ ✭✸✳✶✮✱ ✭✸✳✷✮✱ ✭✸✳✸✳✶✮ ❛♥❞ ✭✸✳✸✳✷✮ r✉❧❡s
❡♥❞ ✐❢
❡♥❞ ✐❢
❡♥❞ ❢♦r
❡♥❞ ❢♦r
❋✐❣✉r❡ ✶✸✿ ❙✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ ❈♦♠♠■♥✐ ❝♦♠♣♦♥❡♥t
❊①❛♠♣❧❡ ✹✳ ▲❡t ✉s t❛❦❡ t❤❡ ✏❈♦♠♠■♥✐✑ ❝♦♠♣♦♥❡♥t ❢r♦♠ ❋✐❣✳ ✼ ❛s ❛♥ ❡①❛♠♣❧❡✳ ❲❡ ✜rst tr❛♥s❢♦r♠
❋✐❣✳ ✼ ✐♥t♦ ❋✐❣✳ ✶✸ ❜② r❡♠♦✈✐♥❣ ❛❧❧ ♣❛r❛♠❡t❡rs ❜✉t ❛❞❞✐♥❣ ✐♥❞❡① ✈❛r✐❛❜❧❡s✳ ❚❤❡♥ ✇❡ ❣❡♥❡r❛t❡ ♦❝❝✉rr❡♥❝❡
r❡❧❛t✐♦♥s ❢♦r ❡❛❝❤ st❛t❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ t❛❦❡ t❤❡ st❛t❡ ✏s0✑✱ ❢r♦♠ t❤❡ t✐♠❡❞✲♣▲❚❙ ❣r❛♣❤ ✇❡ ❣❡t tr❛♥s✐t✐♦♥s
s2
C!R−−→ s0
C?Cmd−−−−→ s1✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ r✉❧❡ ✭✶✮ ✇❡ ❤❛✈❡ !R❴m ≺?Cmd❴n ❛♥❞ t❤❡ ❛ss✐❣♥♠❡♥t n = m+1
✭n,m ∈ N✮✳ ❚❛❦❡ t❤❡ st❛t❡ s1 ❛s ❛♥♦t❤❡r ❡①❛♠♣❧❡✳ ❙✐♥❝❡ ✐t ✐♥❝❧✉❞❡s ❛ s❡❧❢✲❧♦♦♣✱ ✇❡ ❞✐s❝✉ss ❛♣♣❧② t❤❡
❘❘ ♥➦ ✽✺✷✻
✶✽ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
r✉❧❡s ✭✷✮✱ ✭✸✳✶✮✱ ✭✸✳✷✮ ❛♥❞ ✭✸✳✸✳✷✮✳ ❲❤❡♥ ❛ tr❛♥s✐t✐♦♥ ❞✐r❡❝t❧② ❜r✐♥❣s t♦ ♥❡①t st❛t❡ ✇✐t❤♦✉t ♣❛ss✐♥❣ t❤❡
❧♦♦♣✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r✉❧❡ ✭✷✮✱ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥ ?Cmd❴n ≺ τ❴r ❛♥❞ ❛ss✐❣♥♠❡♥t r = n✳ ❲❤❡♥ ❛
tr❛♥s✐t✐♦♥ ❡♥t❡rs t❤❡ ❧♦♦♣✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r✉❧❡ ✭✸✳✶✮✱ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥ ?Cmd❴n ≺ !notify❴i ❛♥❞
❛ss✐❣♥♠❡♥t i := i + 1 ✭i ∈ N✮✳ ❲❤❡♥ ❛ tr❛♥s✐t✐♦♥ st❛②s ✐♥ t❤❡ ❧♦♦♣✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r✉❧❡ ✭✸✳✷✮✱ ✇❡ ❝❛♥
❣❡t t❤❡ r❡❧❛t✐♦♥ ✏!notify❴i ≺ !notify❴i+ 1✑ ✭i ∈ N✮✳ ❚❤❡♥ ✇❤❡♥ ❛ tr❛♥s✐t✐♦♥ ❧❡❛✈❡s t❤❡ ❧♦♦♣✱ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ r✉❧❡ ✭✸✳✸✳✷✮✱ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥ !notify❴i ≺ τ❴r ❛♥❞ t❤❡ ❛ss✐❣♥♠❡♥t r = n ✭r ∈ N✮✳
✻✳✸✳✷ ❙t❡♣ ✷✿ ❊♥✉♠❡r❛t❡ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s
◆♦✇ ✇❡ ❣♦ t❤r♦✉❣❤ t❤❡ s②♠❜♦❧✐❝ ♦❝❝✉rr❡♥❝❡ t❛❜❧❡ ❜✉✐❧t ✐♥ st❡♣ ✶ ❛♥❞ ❜✉✐❧❞ ❛ ✏❝♦♥❝r❡t❡✑ t❛❜❧❡ ✐♥ ✇❤✐❝❤
❡❛❝❤ ❝♦❧✉♠♥ r❡♣r❡s❡♥ts ♦♥❡ s♣❡❝✐✜❝ ✏r♦✉♥❞✑ ♦❢ ❡①❡❝✉t✐♦♥ t❤r♦✉❣❤ t❤❡ s②♠❜♦❧✐❝ t❛❜❧❡ ✭✇✐t❤ ❝♦♥❝r❡t❡
✐♥❞❡① ❛ss✐❣♥♠❡♥ts✮✳ ■♥ t❤❡ ❝♦♥❝r❡t❡ t❛❜❧❡ t❤❡ ❣✉❛r❞s ♦❢ t❤❡ t✐♠❡❞✲♣▲❚❙ ❝❛♥ ❜❡ r❡s♦❧✈❡❞✱ s♦ s♦♠❡ ♦❢ t❤❡
s②♠❜♦❧✐❝ tr❛♥s✐t✐♦♥s ✭r♦✇s ♦❢ t❤❡ t❛❜❧❡✮ ♠❛② ❜❡ ❡❧✐♠✐♥❛t❡❞✳
■♥ t❤❡ ❣✉❛r❞s ✭✐♥❝❧✉❞✐♥❣ t❤❡ ❧♦♦♣ ❝♦♥tr♦❧ ❣✉❛r❞s✮✱ t❤❡r❡ ♠❛② ❜❡ s♦♠❡ ♣❛r❛♠❡t❡rs ♦❝❝✉rr✐♥❣ ✐♥ ❛
s②♠❜♦❧✐❝ ❢♦r♠✳ ❇❡❢♦r❡ ✇❡ r✉♥ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ st❡♣ ✷✱ ✇❡ ♥❡❡❞ t♦ ✐♥st❛♥t✐❛t❡ t❤❡s❡ ♣❛r❛♠❡t❡rs✱ t♦ ❜❡
❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❣✉❛r❞s✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ t❤❡ ❧♦♦♣ ❝♦✉♥t❡rs ✭✐♥ ♦✉r ✉s❡✲❝❛s❡✱
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦r ❝❛rs✮ ♠✉st ❜❡ ✜①❡❞✳
▼♦r❡♦✈❡r✱ ✇❡ ♠✉st s❡t ❛ ❜♦✉♥❞ ✭N✮ t♦ t❤❡ ♥✉♠❜❡r ♦❢ r♦✉♥❞s t❤❛t ✇❡ s❤❛❧❧ ✉♥❢♦❧❞ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✳
❚❤✐s ❜♦✉♥❞ s❤♦✉❧❞ ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ st❡♣ ✸ t♦ ✇♦r❦ ♣r♦♣❡r❧②✳
❋♦r ❡❛❝❤ r♦✉♥❞ ♦❢ tr❛✈❡❧✐♥❣✱ ✇❡ ❝♦♠♣✉t❡ ❛ s❡t ♦❢ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s✳ ❚❤❡ ✐♥❞❡①❡s ♦❢ t❤❡s❡ ♦❝❝✉rr❡♥❝❡s
t❡❧❧ t❤❡ ✭❧♦❣✐❝❛❧✮ t✐♠❡s ♦❢ t❤❡ ❛❝t✐♦♥s t❤❛t ❤❛✈❡ ♦❝❝✉rr❡❞ t✐❧❧ t❤✐s r♦✉♥❞✳ ❋♦r ❧♦♦♣s✱ t❤❡ ❧♦♦♣ ❝♦♥tr♦❧ ❣✉❛r❞
s❛②s t❤❛t ✐❢ ❛ tr❛♥s✐t✐♦♥ s❛t✐s✜❡s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✏k = 1✑✱ t❤❡♥ t❤❡ tr❛♥s✐t✐♦♥ ❣♦❡s ✐♥t♦ t❤❡ ❧♦♦♣✳ ❊❛❝❤
t✐♠❡ ❛❢t❡r ❡①❡❝✉t✐♥❣ t❤❡ ❧♦♦♣✱ t❤❡ ✈❛r✐❛❜❧❡ k ✐♥❝r❡❛s❡s ❜② ✶✳ ❚❤❡♥ t❤❡ tr❛♥s✐t✐♦♥ ❝♦♥t✐♥✉❡s t♦ ❡①❡❝✉t❡ t❤❡
❧♦♦♣ t✐❧❧ t❤❡ ❝♦♥❞✐t✐♦♥ k ≤ kMax ✐s ♥♦t s❛t✐s✜❡❞✳
❲❡ ♣r❡s❡♥t ❛❧❣♦r✐t❤♠ ✷ t♦ ❡♥✉♠❡r❛t❡ t❤❡s❡ r❡❧❛t✐♦♥s✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥
t❤❡ t❛❜❧❡ ✐♥ ❋✐❣✳ ✶✹ ✐♥ ✇❤✐❝❤ t❤❡ rth ❝♦❧✉♠♥ ♣r❡s❡♥ts ❛ s❡t ♦❢ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s ✐♥ t❤❡ r♦✉♥❞ r✱ ❛♥❞
t❤❡ jth r♦✇s ♣r❡s❡♥ts ❛ s❡q✉❡♥❝❡ ♦❢ r❡❧❛t✐♦♥s ♦♥ t✇♦ ❝❧♦❝❦ ♦❝❝✉rr❡♥❝❡s✳
❊①❛♠♣❧❡ ✺✳ ❚❛❦❡ t❤❡ ❝♦♠♣♦♥❡♥t ✏❝♦♠♠■♥✐✑ ❛s ❛♥ ❡①❛♠♣❧❡✱ ✇❡ ❡♥✉♠❡r❛t❡ ✐ts ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s✳ ▲❡t
❛❧❧ ♦❝❝✉rr❡♥❝❡ ✐♥❞❡① ✈❛r✐❛❜❧❡s ✐♥✐t✐❛❧❧② ❜❡ 0 ✭m,n, r, i, j := 0✮ ❛♥❞ t❤❡ ❧♦♦♣ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡ k ❜❡ 1 ✭k := 1✮✳
❙t❛rt✐♥❣ ❢r♦♠ s0✱ ✇❡ ❣❡t t❤❡ tr❛♥s✐t✐♦♥ tr0 : s2
C!R−−→ s0
C?Cmd−−−−→ s1✳ ❋r♦♠ t❤❡ ✜rst ❧✐♥❡ ♦❢ t❤❡ ❋✐❣✳ ✶✷✱
✇❡ ❣❡t n = 1 ✭❜❡❝❛✉s❡ m = 0 ❛♥❞ ftr0 : n = m + 1✮ ❛♥❞ s♦ ✇❡ ❣❡t t❤❡ r❡❧❛t✐♦♥ !R❴0 ≺ ?Cmd❴1✳
❚❤❡♥ t❤❡ tr❛♥s✐t✐♦♥ ❣♦❡s t♦ s1✳ ❙✐♥❝❡ k := 1✱ t❤❡ tr❛♥s✐t✐♦♥ ❣♦❡s ✐♥t♦ t❤❡ s❡❧❢✲❧♦♦♣✳ ❙♦ ✇❡ ❣❡t t❤❡
tr❛♥s✐t✐♦♥ tr2 : s0
C?Cmd−−−−→ s1
C!Notify
−−−−−→ s1✳ ❋r♦♠ t❤❡ t❤✐r❞ ❧✐♥❡ ♦❢ ❋✐❣✳ ✶✷✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ i = 1 ✭❜❡❝❛✉s❡
ftr3 : i := i + 1✮ ❛♥❞ t❤❡♥ ✇❡ ❣❡t t❤❡ r❡❧❛t✐♦♥ ?Cmd❴1 ≺!Notify❴1✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❧♦♦♣ ❝♦♥tr♦❧✱ ✇❡
❦♥♦✇ k ✐♥❝r❡❛s❡s ❜② ✶ ✭k + +✮✱ s♦ k = 2✳ ❙✐♥❝❡ t❤❡ ❝♦♥❞✐t✐♦♥ k ≤ 2 st✐❧❧ ✐s s❛t✐s✜❡❞✱ t❤❡ tr❛♥s✐t✐♦♥ ❣♦❡s
✐♥t♦ t❤❡ s❡❧❢✲❧♦♦♣ ❛❣❛✐♥✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ tr❛♥s✐t✐♦♥ tr3 : s1
C!Notify
−−−−−→ s1
C!Notify
−−−−−→ s1✱ t❤❡♥ ✇❡ ❣❡t t❤❡
r❡❧❛t✐♦♥ !notify❴1 ≺!notify❴2✳ ❚❤❡♥ k ✐♥❝r❡❛s❡s ❜② ✶ ✭k++✮✱ s♦ ❛t t❤✐s t✐♠❡ k = 3 t❤❛t ❝❛♥♥♦t s❛t✐s❢②
t❤❡ ❝♦♥❞✐t✐♦♥ k ≤ 2✳ ❙♦ t❤❡ tr❛♥s✐t✐♦♥ ❣♦❡s ♦✉t ♦❢ t❤❡ ❧♦♦♣✱ t❤❡♥ ✇❡ ❤❛✈❡ tr4 : s1
C!Notify
−−−−−→ s1
Cτ−−→ s2✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ t❛❜❧❡ ✶✷✱ ✇❡ ❦♥♦✇ r = 1 ✭❜❡❝❛✉s❡ ftr4 : r = n✮✳ ❚❤❡♥ t❤❡ st❛t❡ s2 ✐s s✐♠✐❧❛r ❛s t❤❡
st❛t❡ s1✳ ■♥ t❤❡ ❡♥❞ ♦❢ t❤✐s ✐♥♥❡r ❧♦♦♣ ✇❡ ❣❡t t❤❡ ✜rst ❝♦❧✉♠♥ ♦❢ t❤❡ ❋✐❣✳ ✶✹✳ ❘❡♠❛r❦ t❤❛t t❤❡ r♦✇s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ tr❛♥s✐t✐♦♥s tr1 ❛♥❞ tr5 ❢r♦♠ ❋✐❣✳ ✶✷ ❤❛✈❡ ❜❡❡♥ ❡❧✐♠✐♥❛t❡❞ ✐♥ t❤✐s ♣r♦❝❡ss✱ ❜❡❝❛✉s❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❧♦♦♣s ❝❛♥♥♦t ❡①✐t ✐♠♠❡❞✐❛t❡❧②✳ ❚❤❡♥ ❜② r❡♣❡❛t✐♥❣ t❤❡ s❡❝♦♥❞ r♦✉♥❞✱ t❤✐r❞ r♦✉♥❞✱ ❡t❝✱ ✇❡
❝❛♥ ❣❡t t❤❡ r❡❧❛t✐♦♥s ❧✐st❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥✱ t❤❡ t❤✐r❞ ❝♦❧✉♠♥ ♦❢ ❋✐❣✳ ✶✹✱ ❡t❝✳✱ ✉♥t✐❧ ✇❡ r✐❝❤ ❝♦❧✉♠♥
N ✳
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✶✾
✻✳✸✳✸ ❙t❡♣ ✸✿ ●❡♥❡r❛❧✐③❡ t❤❡ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s
■♥ t❛❜❧❡ ✶✹✱ ✐♥ ❡❛❝❤ ❧✐♥❡ ✇❡ ❣❡t ❛ s❡q✉❡♥❝❡ ♦❢ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s✳ ❚♦ ✐♥❞✉❝❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❡♥❡r❛❧
r❡❧❛t✐♦♥✱ ✇❡ tr❛♥s❢❡r t❤❡ ♣r♦❜❧❡♠ t♦ ✜♥❞✐♥❣ ❛ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ❢♦r ❛ s❡q✉❡♥❝❡ ♦❢ ♥❛t✉r❡ ♥✉♠❜❡rs✳ ❲❡ ❝♦✉❧❞
✉s❡ ❤❡r❡ st❛♥❞❛r❞ ❛r✐t❤♠❡t✐❝ ♠❡t❤♦❞ t❤❛t ❛r❡ ❛❜❧❡ t♦ ❞❡❞✉❝❡ ♣♦❧②♥♦♠✐❛❧ ❢♦r♠✉❧❛s ❣❡♥❡r❛t✐♥❣ ♥❛t✉r❛❧
♥✉♠❜❡r s❡q✉❡♥❝❡s✳ ❍♦✇❡✈❡r✱ s✉❝❤ ❛ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ✇♦✉❧❞ ♠❛❦❡ ❞✐✣❝✉❧t t♦ ❡st✐♠❛t❡ t❤❡ ♠✐♥✐♠✉♠
♥✉♠❜❡r ♦❢ ✉♥❢♦❧❞✐♥❣s r❡q✉✐r❡❞ ❢♦r ✜♥❞✐♥❣ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛✳ ❇✉t ✐♥ ❢❛❝t✱ ❞✉❡ t♦ ♦✉r ❤②♣♦t❤❡s✐s ♦♥ t❤❡
✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❧♦♦♣ ❝♦♥tr♦❧ ❝♦✉♥t❡rs✱ t❤❡ ❢♦r♠✉❧❛ ✇❡ s❡❡❦ ❤❡r❡ ✇✐❧❧ ❜❡ ❧✐♥❡❛r ✐♥ t❤❡ ❝❧♦❝❦ ✐♥❞❡①❡s✱
❛♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ ✉♥❢♦❧❞✐♥❣ ♠❛② ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ t❤❡ ❧♦♦♣ ✐♥❞❡①❡s✳ ❆ ♣r♦♦❢ ♦❢
t❤✐s ♣r♦♣❡rt②✱ ❛♥❞ ❛ ❞❡t❛✐❧❡❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞✱ ✐s ♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✳ ❚❤❡ r❡s✉❧t ♦❢
❣❡♥❡r❛❧✐s❛t✐♦♥ ✐s s❤♦✇♥ ✐♥ ✏❝♦❧✉♠♥ s✑ ✐♥ ❋✐❣✳ ✶✹✳
❊①❛♠♣❧❡ ✻✳ ▲❡t ✉s t❛❦❡ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ✐♥ t❤❡ t❛❜❧❡ ✶✹ ❛s ❛♥ ❡①❛♠♣❧❡✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❝❝✉rr❡♥❝❡ ✐♥❞❡① ♦❢
t❤❡ ❝❧♦❝❦ C?Cmd ✐s {1, 2, 3, . . .}✳ ❚❤✐s s❡q✉❡♥❝❡ ✐s ❣❡♥❡r❛t❡❞ ❜② ❢♦r♠✉❧❛✿ an = n✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❝❝✉rr❡♥❝❡
✐♥❞❡① ♦❢ t❤❡ ❝❧♦❝❦ C!Notify ✐s {1, 3, 5, . . .}✱ t❤❛t ✐s ❣❡♥❡r❛t❡❞ ❜② an = 2n − 1✳ ❙♦ ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡✱ t❤❡
r❡❧❛t✐♦♥ ♦❢ t❤❡ s r♦✉♥❞ ✭∀s < 0✮✐s ?Cmd❴s ≺!Notify❴{2s− 1}✳
❆❧❣♦r✐t❤♠ ✷ ❯♥❢♦❧❞ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ t❛❜❧❡
■♥♣✉t✿ ❆ s②♠❜♦❧✐❝ ♦❝❝✉rr❡♥❝❡ t❛❜❧❡ ✇✐t❤ ❛ ❝❧♦❝❦ s❡t C ✇✐t❤ n ❝❧♦❝❦s✳ C = {C1, C2, . . . Cn}
❖✉t♣✉t✿ ❡♥✉♠❡r❛t❡ ♦❝❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s ♦❢ ◆ r♦✉♥❞s ✐♥ t❤❡ ♠❛tr✐① ❘❬❥❪❬r❪✱ ✐♥ ✇❤✐❝❤ ❥ ✐s t❤❡ ✐♥❞❡① ♦❢ r♦✇s
❛♥❞ r ✐s t❤❡ ✐♥❞❡① ♦❢ ❝♦❧✉♠♥s ✭r♦✉♥❞s✮✳
❢♦r ❡❛❝❤ Ci ❞♦
Indexof(Ci) := 0 ④✐♥✐t✐❛❧✐s❛t✐♦♥⑥
❡♥❞ ❢♦r
s❡t ✈❛r ❥✱ r ✿❂✵
✈❛r s := s0
s❡t ✈❛r Cα ✿❂ ❛♥②♦♥❡ ❢r♦♠ Pr❡❆❝t✭s✮
s❡t ✈❛r Cβ ✿❂ ♦♥❡ ❢r♦♠ P♦st❆❝t✭s✮ t❤❛t s❛t✐s✜❡s ❛ ❝❡rt❛✐♥ ❣✉❛r❞
s❡t ✈❛r s′ ← {s′|s′
Cα−−→ s}
s❡t ✈❛r s′′ ← {s′′|s
Cβ
−−→ s′′}
✇❤✐❧❡ r ≤ N ❞♦
✇❤✐❧❡ ❈ 6= ∅ ❞♦
✐❢ s = s0 t❤❡♥
r + +❀ j := 0
❡♥❞ ✐❢
❢♦r ❡❛❝❤ r♦✇ ✐♥ t❛❜❧❡ ❞♦
✐❢ tr = s′
Cα−−→ s
Cβ
−−→ s′′ t❤❡♥
Indexof(Cβ) ← ❝♦♠♣✉t❡ ❜② ftr
R[j][r] = α❴Indexof(Cα) ≺ β❴Indexof(Cβ)
C ← C − Cα − Cβ
j + +
s′ ← s❀ s← s′′❀ s′′ ← ♦♥❡ ❢r♦♠ P♦st❆❝t✭s✮ t❤❛t s❛t✐s✜❡s ❛ ❝❡rt❛✐♥ ❣✉❛r❞❀
Cα := Cβ
Cβ := {Cβ |s
Cβ
−−→ s′′}
❡♥❞ ✐❢
❡♥❞ ❢♦r
❡♥❞ ✇❤✐❧❡
r❡s❡t ❈ ✇✐t❤ ♥ ❝❧♦❝❦s C = {C1, C2, . . . Cn}
❡♥❞ ✇❤✐❧❡
❘❘ ♥➦ ✽✺✷✻
✷✵ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
1st r♦✉♥❞ 2nd r♦✉♥❞ 3rd r♦✉♥❞ sth r♦✉♥❞ ✳ ✳ ✳ ❝❧♦❝❦ r❡❧❛t✐♦♥s
!R❴0 ≺ ?Cmd❴1 !R❴1 ≺ ?Cmd❴2 !R❴2 ≺ ?Cmd❴3 !R❴(s − 1) ≺ ?Cmd❴s ✳ ✳ ✳ C!R ≺ C
∆(1)
?Cmd
?Cmd❴1 ≺ !notify❴1 ?Cmd❴2 ≺ !notify❴3 ?Cmd❴3 ≺ !notify❴5 ?Cmd❴s ≺ !notify❴(2s − 1) ✳ ✳ ✳ C?Cmd ≺ C
{2s−1}
!notify
!notify❴1 ≺!notify❴2 !notify❴3 ≺!notify❴4 !notify❴5 ≺!notify❴6 !notify❴(2s − 1) ≺!notify❴2s ✳ ✳ ✳ C
{2s−1}
!notify
≺ C
{2s}
!notify
!notify❴2 ≺ τ❴1 !notify❴4 ≺ τ❴2 !notify❴6 ≺ τ❴3 !notify❴2s ≺ τ❴s ✳ ✳ ✳ C
{2s}
!notify
≺ Cτ
τ❴1 ≺ ?ack❴1 τ❴2 ≺?ack❴3 τ❴3 ≺?ack❴5 τ❴s ≺?ack❴(2s − 1) ✳ ✳ ✳ Cτ ≺ C
{2s−1}
?ack
?ack❴1 ≺ ?ack❴2 ?ack❴3 ≺?ack❴4 ?ack❴5 ≺?ack❴6 ?ack❴(2s − 1) ≺?ack❴2s ✳ ✳ ✳ C
{2s−1}
?ack
≺ C
{2s}
?ack
?ack❴2 ≺ !R❴1 ?ack❴4 ≺!R❴2 ?ack❴6 ≺!R❴3 ?ack❴2s ≺!R❴s ✳ ✳ ✳ C
{2s}
?ack
≺ C!R
❋✐❣✉r❡ ✶✹✿ ❙t❡♣s ✷✲✸✲✹✿ ❯♥❢♦❧❞ r♦✉♥❞s✱ ❣❡♥❡r❛❧✐③❡✱ ❛♥❞ ❞❡❞✉❝❡ ❝❧♦❝❦ r❡❧❛t✐♦♥s
✻✳✸✳✹ ❙t❡♣✹✿ ❧✐❢t✐♥❣ t♦ ❝❧♦❝❦ r❡❧❛t✐♦♥s
■♥ t❤❡ ❧❛st st❡♣✱ ✇❡ ❧✐❢t t❤❡ ❝♦♥❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s t♦ ❝❧♦❝❦ r❡❧❛t✐♦♥s✱ ✉s✐♥❣ t❤❡ ❝❧♦❝❦ ♦♣❡r❛t♦rs ✏❧✐❢t✑ ❛♥❞
✏✜❧t❡r✑ ❢r♦♠ ❞❡✜♥✐t✐♦♥s ✸ ❛♥❞ ✹✳ ❚❤✐s st❡♣ ✐s str❛✐❣❤t❢♦r✇❛r❞✱ ❛♥❞ t❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ t❤❡ ❧❛st ❝♦❧✉♠♥
♦❢ ❋✐❣✳ ✶✹✳
✼ ●❡♥❡r❛t✐♥❣ t❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛ t✐♠❡❞✲♣◆❡t
❆ t✐♠❡❞✲♣◆❡ts ♥♦❞❡ ❛❝t✉❛❧❧② ❝♦♥s✐sts ♦❢ ❛ s❡t ♦❢ ❤♦❧❡s ✭J✮ ✇✐t❤ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s ✭TSj✮✱ s②♥❝❤r♦♥♦✉s
✈❡❝t♦rs ✭Vi✮✱ ❛♥❞ ❣❧♦❜❛❧ ❝❧♦❝❦s ✭CG✮ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs✳ ❚❤❡r❡❢♦r❡✱ ❣❡♥❡r❛t✐♥❣
t❤❡ ❡①t❡r♥❛❧ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ❛ t✐♠❡❞✲♣◆❡ts ♥♦❞❡ ✭❝❛❧❧❡❞ ❣❧♦❜❛❧ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ TSg✮ ❜♦✐❧s
❞♦✇♥ t♦ ❝♦♠♣✉t❡ t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦ r❡❧❛t✐♦♥s ❢r♦♠ t❤❡ ❧♦❝❛❧ t✐♠❡❞✲s♣❡❝✐✜❝❛t✐♦♥s ♦❢ ✐ts ❤♦❧❡s ✭TSj✮ ❛♥❞ t❤❡
❝♦✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs ✭Vi✮✱ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦♥ ❝❧♦❝❦ r❡❧❛t✐♦♥s
❢r♦♠ s❡❝t✐♦♥ ✷✳✷✳ ❋♦r♠❛❧❧②✿
❉❡✜♥✐t✐♦♥ ✶✹ ✭●❧♦❜❛❧ ❈❧♦❝❦ ❘❡❧❛t✐♦♥ ❙❡t✮✳ ●✐✈❡♥ ❛ t✐♠❡❞✲♣◆❡t T ✲pNets =< P,AG, CG, J, A˜J , C˜J , R˜J ,
−→
V >
❚❤❡ ❣❧♦❜❛❧ t✐♠❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ T ✲pNets ✐s t❤❡ ♣❛✐r < CG,RG >✱ ✇❤❡r❡ RG ✐s t❤❡ ●❧♦❜❛❧ ❈❧♦❝❦ ❘❡❧❛t✐♦♥
❙❡t ❞❡❞✉❝❡❞ ❢r♦♠✿
✲ ❛❧❧ ❧♦❝❛❧ ❝❧♦❝❦s r❡❧❛t✐♦♥s Rj ❢r♦♠ ✐ts ❤♦❧❡s✱
✲ t❤❡ ✭❝♦✐♥❝✐❞❡♥❝❡✮ r❡❧❛t✐♦♥s ❞❡❞✉❝❡❞ ❢r♦♠ ❛❧❧ ✐ts s②♥❝❤r♦♥✐③❛t✐♦♥ ✈❡❝t♦rs
✲ s②♠♠❡tr② ❛♥❞ tr❛♥s✐t✐✈✐t② ♦❢ ❝♦✐♥❝✐❞❡♥❝❡✱ tr❛♥s✐t✐✈✐t② ♦❢ ♣r❡❝❡❞❡♥❝❡✳
❉✉r✐♥❣ t❤✐s ❧♦❣✐❝❛❧ s❛t✉r❛t✐♦♥ ♣r♦❝❡ss✱ ✐t ♠❛② ❤❛♣♣❡♥ t❤❛t ❝♦♥tr❛❞✐❝t♦r② r❡❧❛t✐♦♥s ❛r❡ ❞❡❞✉❝❡❞✱ ✇❤❡♥
✷ ❝❧♦❝❦s ✇♦✉❧❞ ❜❡ ♣r♦✈❡❞ ❜♦t❤ ❝♦✐♥❝✐❞❡♥t ❛♥❞ ♣r❡❝❡❞❡♥t✱ ♦r ♣r❡❝❡❞❡♥t ❜♦t❤ ✇❛②s✳ ❚❤✐s ✇❡ ❝❛❧❧ ❛ ❝♦♥✢✐❝t✿
❉❡✜♥✐t✐♦♥ ✶✺ ✭❈❧♦❝❦ ❈♦♥✢✐❝ts✮✳ ●✐✈❡♥ ❛ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ < C,R >✿
✲ t✇♦ ❝❧♦❝❦s Cα ❛♥❞ Cβ ✐♥ C ❛r❡ ✐♥ ❝♦♥✢✐❝t ✐❢ ❡✐t❤❡r Cα = Cβ ∧ (Cα ≺ Cβ ∪ Cβ ≺ Cα) ∈ R ♦r
Cα ≺ Cβ ∧ Cβ ≺ Cα ∈ R
✲ t❤❡ ●❧♦❜❛❧ ❈❧♦❝❦ ❈♦♥✢✐❝t ❙❡t ♦❢ ❛ t✐♠❡❞✲♣◆❡t ✐s t❤❡ s❡t ♦❢ ♣❛✐rs ♦❢ ❝❧♦❝❦s ✐♥ ❝♦♥✢✐❝t ✐♥ ✐ts ●❧♦❜❛❧ ❈❧♦❝❦
❘❡❧❛t✐♦♥ ❙❡t✳
❊①❛♠♣❧❡ ✼✳ ▲❡t✬s t❛❦❡ ❋✐❣✳ ✾ ❛s ❛♥ ❡①❛♠♣❧❡✳ ❋r♦♠ t❤❡ ✉s❡r s♣❡❝✐✜❝❛t✐♦♥ ✐♥ ❡①❛♠♣❧❡ ✸ ✭♣❛❣❡ ✶✶✮✱ ✇❡
❦♥♦✇ t❤❡ ❝❧♦❝❦ r❡❧❛t✐♦♥s ♦❢ t❤❡s❡ ❤♦❧❡s ❛r❡✿
❼ R{CommIni} = {C?Cmd ≺ C
{2s−1}s∈N
!notify , C
{2s−1}s∈N
!notify ≺ C
{2s}s∈N
!notify , C
{2s−1}s∈N
!notify ≺ C
{2s−1}s∈N
?ack , C
{2s}s∈N
!notify ≺
C
{2s}s∈N
?ack , C
{2s−1}s∈N
?ack ≺ C
{2s}s∈N
?ack , C
{2s}s∈N
?ack ≺ C!R ≺ C
∆(1)
?cmd}
❼ R{ChannelNtf [m]} = {Cc.?notify[m] ≺ Cc.!notify[m] ≺ Cc.?notify∆(1)
[m]
}✱
❼ R{ChannelAck[m]} = {Cc.?ack[m] ≺ Cc.!ack[m] ≺ C
∆(1)
c.?ack[m]
}✱
❼ R{CommRes[m]} = {C?notify[m] ≺ C!ack[m] ≺ C
∆(1)
?notify[m]
}✳
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✷✶
❇❡s✐❞❡s✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❝❧♦❝❦ r❡❧❛t✐♦♥s ❢r♦♠ t❤❡ s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥s ❞❡✜♥❡❞ ❜② s②♥❝❤r♦♥♦✉s
✈❡❝t♦rs ❛s✿
❼ RV1 = {C
{2s−1}s∈N
!notify = Cc.?notify[1] = Cnotifyg1[1]
}✱
❼ RV2 = {Cc.!notify[1] = C?notify[1] = Cnotifyg2[1]
}✱
❼ RV3 = {C!ack[1] = Cc.?ack[1] = Cackg3[1]}✱
❼ RV4 = {Cc.!ack[1] = C
{2s−1}
?ack = Cackg4[1]}✱
❼ RV5 = {C
{2s}s∈N
!notify = Cc.?notify[2] = Cnotifyg1[2]
}✱
❼ RV6 = {Cc.!notify[2] = C?notify[2] = Cnotifyg2[2]
}✱
❼ RV7 = {C!ack[2] = Cc.?ack[2] = Cackg3[2]}✱
❼ RV8 = {Cc.!ack[2] = C
{2s}
?ack = Cackg4[2]}✱
❼ RV9 = {C?Cmd = C?Cmdg5}✱
❼ RV10 = {C!R = C!Rg6}✳
❚❛❦❡ ❡✳❣✳ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦s Cnotifyg1[1]
❛♥❞ Cnotifyg2[1]
✳ ❚❤❡② ❛r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡
s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs V1 ❛♥❞ V2✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡✱ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥s ♦❢ ❤♦❧❡ ChannelNtf[1] ❛♥❞ t❤❡ r❡❧❛✲
t✐♦♥s ♦❢ t❤❡s❡ t✇♦ ✈❡❝t♦rs✱ t❤❛t✿
Cnotifyg1[1]
=(RV1 ) Cc.?notify[1] ≺(R′ChannelNtf[1]) Cc.!notify[1] =(RV2 ) Cnotifyg2[1]
✱ ❛♥❞ ❝♦♥❝❧✉❞❡ Cnotifyg1[1]
≺
Cnotifyg2[1]
✳
❚❤❡ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡ ✐s ♥♦t ✈❡r② ♣r❛❝t✐❝❛❧✳ ❲❡ ✇✐❧❧ s❤♦✇ ♥♦✇ t❤❛t ❢r♦♠ ❛ s✐♠♣❧❡ ❝❛s❡ ❛♥❛❧②s✐s
♦♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ✈❡❝t♦rs✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ❛ s❡t ♦❢ ❣❧♦❜❛❧ ❝❧♦❝❦ r❡❧❛t✐♦♥s
t❤❛t ✐s s✉✣❝✐❡♥t t♦ ❣❡♥❡r❛t❡ t❤❡ ●❧♦❜❛❧ ❈❧♦❝❦ ❘❡❧❛t✐♦♥ ❙❡t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❞❡✜♥❡s t❤❡ ❝❛s❡
❛♥❛❧②s✐s ♣r♦❝❡❞✉r❡✱ ❛♥❞ st❛t❡s ✐ts ❝♦rr❡❝t♥❡ss ✭❛❧❧ r❡❧❛t✐♦♥s ❝♦♠♣✉t❡❞ ❛r❡ ❝♦rr❡❝t✮✳ ❚❤❡ ♥❡①t t❤❡♦r❡♠
✇✐❧❧ ♣r♦✈❡ ✐ts ❝♦♠♣❧❡t❡♥❡ss✳ ■♥ ♦♥❡ ♣❛rt✐❝✉❧❛r ❝❛s❡✱ t❤✐s ❝❛s❡ ❛♥❛❧②s✐s ♣r♦❝❡❞✉r❡ ♠❛② ❞❡t❡❝t ❛ ❧♦❝❛❧
❝♦♥✢✐❝t ❜❡t✇❡❡♥ t✇♦ ❣❧♦❜❛❧ ❛❝t✐♦♥s✱ ♠♦r❡ ♣r❡❝✐s❡❧② ❜❡t✇❡❡♥ t✇♦ s②♥❝❤r♦♥✐③❛t✐♦♥ ✈❡❝t♦rs r❡♣r❡s❡♥t✐♥❣
❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❛♠❡ ✷ ❤♦❧❡s✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ s❤❛❧❧ s✐❣♥❛❧ t❤❡ ❝♦♥✢✐❝t✱ ❜✉t ♣r♦❞✉❝❡ ♥♦
r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡ ❛❝t✐♦♥s✳ ❖t❤❡r t②♣❡s ♦❢ ❝♦♥✢✐❝ts ❝♦✉❧❞ ❜❡ ❝r❡❛t❡❞ ❜② ❝♦♥✜❣✉r❛t✐♦♥s ✐♥✈♦❧✈✐♥❣
♠♦r❡ t❤❛♥ ✷ ❤♦❧❡s✳ ❚❤❡s❡ ❝❛♥♥♦t ❜❡ ❞❡t❡❝t❡❞ ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤✐s ❝❛s❡✲❛♥❛❧②s✐s ♣r♦❝❡❞✉r❡❀ ❛ ❢✉❧❧ ❝♦♥✢✐❝t
❞❡t❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✳
❚❤❡♦r❡♠ ✷ ✭●❧♦❜❛❧ ❝❧♦❝❦ r❡❧❛t✐♦♥ ❛♥❛❧②s✐s✮✳ ●✐✈❡♥ ❛ t✐♠❡❞✲♣◆❡t T ✲pNets =< P,AG, CG, J, A˜J , C˜J , R˜J ,
−→
V >✳
▲❡t Hα✱ Hβ✱ Hγ ❜❡ t❤r❡❡ ❤♦❧❡s ♦❢ T ✲pNets ❛♥❞ CHα , CHβ , CHγ ⊂ C˜J ❜❡ t❤❡ s❡ts ♦❢ ❝❧♦❝❦s ♦❢ ❤♦❧❡s Hα✱
Hβ ❛♥❞ Hγ ✳ ▲❡t t❤❡ ❝❧♦❝❦s Cα1 , Cα2 ∈ CHα ✱ t❤❡ ❝❧♦❝❦s Cβ1 , Cβ2 ∈ CHβ ✱ t❤❡ ❝❧♦❝❦ Cγ1 ∈ CHγ ✱ ✇✐t❤
CHα
⋂
CHβ
⋂
CHγ = ∅✮✳ ❋♦r ❡❛❝❤ ♣❛✐r ♦❢ ❣❧♦❜❛❧ ❝❧♦❝❦s Cag1 ❛♥❞ Cag2 ✱ ✇❡ ❡♥✉♠❡r❛t❡ t❤❡ ♣❛✐rs ♦❢ s②♥✲
❝❤r♦♥✐③❛t✐♦♥ ✈❡❝t♦rs ❛❜❧❡ t♦ ❣❡♥❡r❛t❡ t❤❡♠✱ ❛♥❞ ♠❛t❝❤ t❤❡♠ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ✭♥♦t❡ t❤❛t ❜♦t❤ ♣❛✐rs
(Cag1 , Cag2) ❛♥❞ (Cag2 , Cag1) ✇✐❧❧ ❜❡ ❡♥✉♠❡r❛t❡❞✱ s♦ ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r s②♠♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❝❛s❡s
❜❡❧♦✇✮✳ ❊❛❝❤ ♠❛t❝❤ ♠❛② ❛❞❞ ❛ ❝❧♦❝❦ r❡❧❛t✐♦♥ ✐♥ t❤❡ ●❧♦❜❛❧ ❈❧♦❝❦ ❘❡❧❛t✐♦♥ ❙❡t R✿
❼ ✭❈❛s❡✶✿✮ ■❢ t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦s Cag1 ❛♥❞ Cag2 ❛r❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs
< . . . , Cα1 , . . . , Cβ1 , . . . >→ Cag1 ❛♥❞
< . . . , Cα2 , . . . , Cβ2 , . . . >→ Cag2 ✱
✇❤✐❝❤ ❛r❡ r❡❧❛t❡❞ t♦ t✇♦ ❤♦❧❡s CHα ❛♥❞ CHβ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✺✭✶✮✱ t❤❡♥
✕ ✐❢ Cα1 = Cα2 ∧ Cβ1 = Cβ2 t❤❡♥ (Cag1 = Cag2) ∈ R ✳
❘❘ ♥➦ ✽✺✷✻
✷✷ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
❋✐❣✉r❡ ✶✺✿ ❚❤❡ ✹ ❝❛s❡s ♦❢ t❤❡♦r❡♠ ✷
✕ ✐❢ Cα1 ≺ Cα2 ∧ Cβ1 ≺ Cβ2 t❤❡♥ (Cag1 ≺ Cag2) ∈ R✳
✕ ✐❢ Cα1 = Cα2 ∧ Cβ1 ≺ Cβ2 ♦r ✐❢ Cα1 = Cα2 ∧ Cβ2 ≺ Cβ1 t❤❡♥ ❝♦♥✢✐❝t ❢♦✉♥❞✳
❼ ✭❈❛s❡✷✿✮ ■❢ t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦ Cag1 ❛♥❞ Cag2 ❛r❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs
< . . . , Cβ1 , . . . , Cγ1 >→ Cag1 ❛♥❞
< Cα1 , Cβ2 , . . . , . . . >→ Cag2 ✱ ✇❤✐❝❤ ❛r❡ r❡❧❛t❡❞ t♦ t❤r❡❡ ❤♦❧❡s CHα ✱ CHβ ❛♥❞ CHγ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳
✶✺✱ t❤❡♥
✕ ✐❢ Cβ1 = Cβ2 t❤❡♥ (Cag1 = Cag2) ∈ R✱
✕ ✐❢ Cβ1 ≺ Cβ2 t❤❡♥ (Cag1 ≺ Cag2) ∈ R✳
❼ ✭❈❛s❡✸✿✮ ■❢ t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦ Cag1 ❛♥❞ Cag2 ❛r❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs
< . . . , Cβ1 , . . . >→ Cag1 ❛♥❞
< . . . , Cβ2 , . . . , Cγ1 , . . . >→ Cag2 ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✺✭✸✮✳ t❤❡♥
✕ ✐❢ Cβ1 = Cβ2 t❤❡♥ (Cag1 = Cag2) ∈ R✱
✕ ✐❢ Cβ1 ≺ Cβ2 t❤❡♥ (Cag1 ≺ Cag2) ∈ R✳
❼ ✭❈❛s❡✹✿✮ ■❢ t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦ Cag1 ❛♥❞ Cag2 ❛r❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs
< . . . , Cβ1 , . . . >→ Cag1 ❛♥❞ < . . . , Cβ2 , . . . , . . . >→ Cag2 ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✺✭✹✮✳ t❤❡♥
✕ ✐❢ Cβ1 = Cβ2 t❤❡♥ (Cag1 = Cag2) ∈ R✱
✕ ✐❢ Cβ1 ≺ Cβ2 t❤❡♥ (Cag1 ≺ Cag2) ∈ R✳
❼ ✭❖t❤❡r✇✐s❡✮ ■♥ ❛♥② ♦t❤❡r ❝❛s❡✱ t❤✐s ♣❛✐r ♦❢ ❝❧♦❝❦s ✐s ◆❖❚ ❞✐r❡❝t❧② r❡❧❛t❡❞ ✐♥ R
Pr♦♦❢✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡ ❝❛s❡s✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❞❡❞✉❝❡❞ r❡❧❛t✐♦♥ ✐s ✐♥❞❡❡❞ ❝♦rr❡❝t ✇✐t❤ r❡s♣❡❝t t♦ ❞❡✜♥✐t✐♦♥
✶✹✳
❼ ❈❛s❡✶✿ ❋r♦♠ t❤❡ t✇♦ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs < . . . , Cα1 , . . . , Cβ1 , . . . >→ Cag1 ✱
< . . . , Cα2 , . . . , Cβ2 , . . . >→ Cag2 ✱
✇❡ ❦♥♦✇ t❤❛t Cα1 = Cβ1 = Cag1 ❛♥❞ Cα2 = Cβ2 = Cag2 ✳ ✭✶✮ ■❢ Cα1 = Cα2 ∧ Cβ1 = Cβ2 ✱ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ tr❛♥s✐t✐✈✐t② ♣r♦♣❡rt② ♦❢ ✏=✑✱ ✇❡ ❣❡t t❤❡ r❡❧❛t✐♦♥ Cag1 = Cag2 ✳
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✷✸
✭✷✮ ■❢ Cα1 ≺ Cα2 ∧ Cβ1 ≺ Cβ2 ✱ t❤❡♥ ✇❡ ❤❛✈❡ Cag1 = Cα1 ≺ Cα2 = Cag2 ✳ ❙♦ ✉s✐♥❣ s✉❜st✐t✉t✐✈✐t② ♦❢
= ✇✳r✳t✳ ≺✱ ✇❡ ❣❡t t❤❡ r❡❧❛t✐♦♥ Cag1 ≺ Cag2 ✳
❼ ❈❛s❡✷✿ ❋r♦♠ t❤❡ t✇♦ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs < . . . , Cβ1 , . . . , Cγ1 >→ Cag1
❛♥❞ < Cα1 , Cβ2 , . . . , . . . >→ Cag2 ✱
✇❡ ❦♥♦✇ t❤❛t Cβ1 = Cγ1 = Cag1 ❛♥❞ Cα1 = Cβ2 = Cag2 ✳ ✭✶✮ ■❢ Cβ1 = Cβ2 ✱ t❤❡♥ ❛❝❝♦r❞✲
✐♥❣ t♦ t❤❡ tr❛♥s✐t✐✈✐t② ♣r♦♣❡rt② ♦❢ ✏=✑✱ ✇❡ ❦♥♦✇ t❤❛t Cag1 = Cag2 ✳ ✭✷✮ ■❢ Cβ1 ≺ Cβ2 ✱ s✐♥❝❡
Cag1 = Cβ1 ≺ Cβ2 = Cag2 ✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥ Cag1 ≺ Cag2 ✳
❼ ❈❛s❡✸ ❛♥❞ ❈❛s❡✹✿ ❚❤❡ ♣r♦♦❢s ❛r❡ s✐♠✐❧❛r t♦ ❈❛s❡✷✳
❊①❛♠♣❧❡ ✽✳ ▲❡t✬s t❛❦❡ ❛❣❛✐♥ ❋✐❣✳ ✾ ❛s ❛♥ ❡①❛♠♣❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❝❧♦❝❦ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ Cnotifyg2[1]
❛♥❞ Cackg3[1] ✳ ❲❡ ❦♥♦✇ t❤❡ t✇♦ ❣❧♦❜❛❧ ❛❝t✐♦♥s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✈❡❝t♦rs
V2✿ < . . . , Cc.!notify[1] , . . . , C?notify[1] , . . . >→ Cnotifyg2[1]
❛♥❞
V3 ✿ < . . . , C!ack[1] , . . . , Cc.?ack[1] , . . . >→ Cackg3[1] ✱
s♦ ✇❡ ❛r❡ ✐♥ ❝❛s❡ ✷✮✱ ❛♥❞ ✇❡ ❦♥♦✇ ❢r♦♠ TS{CommRes[1]} t❤❛t C?notify[1] ≺ C!ack[1] ✱ s♦ ✇❡ ❝♦♥❝❧✉❞❡
Cnotifyg2[1]
≺ Cackg3[1] ✳
❚❤❡♦r❡♠ ✸ ✭❈♦♠♣❧❡t❡♥❡ss✮✳ ❚❤❡r❡ ❡①✐st ❢♦✉r ❛♥❞ ♦♥❧② ❢♦✉r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs✱ ❛s
❧✐st❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✱ ❢♦r ❞❡❞✉❝✐♥❣ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛ ♣❛✐r ♦❢ ❣❧♦❜❛❧ ❝❧♦❝❦s✳
Pr♦♦❢✳ ❋r♦♠ t❤❡ t✐♠❡❞✲♣◆❡ts ❞❡✜♥✐t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ✇❛②s t♦ ❜✉✐❧❞ ❛ ❣❧♦❜❛❧ ❝❧♦❝❦✿ ❜✐♥❛r②
❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ✈✐s✐❜✐❧✐t②✳ ❙♦ t❤❡r❡ ❛r❡ ✸ ❝♦♠❜✐♥❛t✐♦♥s✿
✭✶✮ ❜♦t❤ ❣❧♦❜❛❧ ❝❧♦❝❦s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❜✐♥❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥
✭✷✮ ♦♥❡ ❣❧♦❜❛❧ ❝❧♦❝❦ ✐s ❣❡♥❡r❛t❡❞ ❜② ❜✐♥❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❛♥♦t❤❡r ♦♥❡ ✐s ❣❡♥❡r❛t❡❞ ❜② ✈✐s✐❜✐❧✐t②
✭✸✮ ❜♦t❤ ❣❧♦❜❛❧ ❝❧♦❝❦s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ✈✐s✐❜✐❧✐t②
◆♦✇ ✇❡ ❛♥❛❧②③❡ t❤❡ t❤r❡❡ s✐t✉❛t✐♦♥s ♦♥❡ ❜② ♦♥❡✳
●✐✈❡♥ ❛ t✐♠❡❞✲♣◆❡t T ✲pNets =< P,AG, CG, J, A˜J , C˜J , R˜J ,
−→
V >✳
✭✶✮ ▲❡t < . . . , Cα, . . . , Cβ >→ Cg1 ❛♥❞ < . . . , Cγ , . . . , Cη >→ Cg2 ✭Cα✱ Cβ ✱ Cγ ✱Cη ∈ C˜J✮ ❜❡ t✇♦
s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs ❣❡♥❡r❛t✐♥❣ t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦s Cg1 ❛♥❞ Cg2✳ ❖❜✈✐♦✉s❧② t❤❡ ❢♦✉r ❧♦❝❛❧ ❝❧♦❝❦s Cα✱ Cβ ✱
Cγ ✱Cη ❝❛♥♥♦t ❜❡ ✐♥ ♦♥❡ ❤♦❧❡ s✐♥❝❡ t❤❡ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs ❜✉✐❧❞ ❜✐♥❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥s ❜❡t✇❡❡♥ ❤♦❧❡s✳
■❢ t❤❡ ❢♦✉r ❧♦❝❛❧ ❝❧♦❝❦s ❝♦♠❡ ❢r♦♠ t✇♦ ❤♦❧❡s✱ t❤❡♥ t❤❡ ♣♦ss✐❜❧❡ ❝♦♠❜✐♥❛t✐♦♥s ❛r❡ Cα ❛♥❞ Cγ ❛r❡ ✐♥ ♦♥❡
❤♦❧❡✱ t❤❡ ♦t❤❡r t✇♦ ❛r❡ ✐♥ ❛♥♦t❤❡r ❤♦❧❡✳ ❖r Cα ❛♥❞ Cη ❛r❡ ✐♥ ♦♥❡ ❤♦❧❡✱ t❤❡ ♦t❤❡r t✇♦ ❛r❡ ✐♥ ❛♥♦t❤❡r ❤♦❧❡✳
❈❛s❡ ✶ ♦❢ t❤❡ t❤❡♦r❡♠ ✷ ❝♦✈❡rs t❤❡ ❜♦t❤ s✐t✉❛t✐♦♥s✳ ■❢ t❤❡ ❢♦✉r ❧♦❝❛❧ ❝❧♦❝❦s ❝♦♠❡ ❢r♦♠ t❤r❡❡ ❤♦❧❡s✱ t❤❡♥
❛♥② t✇♦ ❧♦❝❛❧ ❝❧♦❝❦s t❤❛t ❝♦♠❡ ❢r♦♠ ❞✐✛❡r❡♥t s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs ♠✉st ❜❡ ✐♥ ♦♥❡ ❤♦❧❡✱ ❛♥❞ t❤❡ r❡st t✇♦
❧♦❝❛❧ ❝❧♦❝❦s ❛r❡ ✐♥ ♦t❤❡r t✇♦ ❞✐✛❡r❡♥t ❤♦❧❡s✳ ❋♦r ❡①❛♠♣❧❡✱ Cα ❛♥❞ Cγ ❛r❡ ✐♥ ♦♥❡ ❤♦❧❡✱ t❤❡ ♦t❤❡r t✇♦ ❛r❡
✐♥ ♦t❤❡r t✇♦ ❤♦❧❡s s❡♣❛r❛t❡❧②✳ ❈❛s❡ ✷ ♦❢ t❤❡ t❤❡♦r❡♠ ✷ ❝♦✈❡rs t❤❡ s✐t✉❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❢♦✉r ❧♦❝❛❧
❝❧♦❝❦s ❝❛♥♥♦t ❜❡ ✐♥ ✹ ❤♦❧❡s ✭♦r ♠♦r❡ t❤❛♥ ✹ ❤♦❧❡s✮✱ ♦t❤❡r✇✐s❡ t❤❡r❡ ✐s ♥♦ ❧♦❝❛❧ ❝❧♦❝❦ r❡❧❛t✐♦♥s ✐♥ R˜J ❝❛♥
❜❡ ✉s❡❞ t♦ ❞❡❞✉❝❡ ❣❧♦❜❛❧ ❝❧♦❝❦ r❡❧❛t✐♦♥s✱ s♦ ♥♦ ❞✐r❡❝t ❝❧♦❝❦ r❡❧❛t✐♦♥ ❝❛♥ ❜❡ ❜✉✐❧t ❜❡t✇❡❡♥ Cg1 ❛♥❞ Cg2✳
✭✷✮ ▲❡t < . . . , Cα, . . . , Cβ >→ Cg1 ❛♥❞ < . . . , Cγ , . . . , >→ Cg2 ✭Cα✱ Cβ ✱ Cγ ∈ C˜J✮ ❜❡ t✇♦ s②♥❝❤r♦♥♦✉s
✈❡❝t♦rs t♦ ❣❡♥❡r❛t❡ t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦s Cg1 ❛♥❞ Cg2✳ ❙✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✐t✉❛t✐♦♥✱ t❤❡ t❤r❡❡
❧♦❝❛❧ ❝❧♦❝❦s ❝❛♥♥♦t ❜❡ ✐♥ ♦♥❡ ❤♦❧❡ ❛♥❞ ❝❛♥♥♦t ❜❡ ✐♥ ✸ ❤♦❧❡s ♦r ♠♦r❡✳ ❙♦ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❝♦♠❜✐♥❛t✐♦♥ ✐s
t❤❛t Cγ ✐s ✐♥ t❤❡ s❛♠❡ ❤♦❧❡ t❤❛t ♦♥❡ ♦❢ t❤❡ ♦t❤❡rs✳ ❈❛s❡ ✸ ♦❢ t❤❡ t❤❡♦r❡♠ ✷ ❝♦✈❡rs t❤❡ s✐t✉❛t✐♦♥✳
✭✸✮ ▲❡t < . . . , Cα, . . . , >→ Cg1 ❛♥❞ < . . . , Cγ , . . . , >→ Cg2 ✭Cα✱ Cγ ∈ C˜J✮ ❜❡ t✇♦ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs
❘❘ ♥➦ ✽✺✷✻
✷✹ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
t♦ ❣❡♥❡r❛t❡ t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦s Cg1 ❛♥❞ Cg2✳ ❚❤❡ t✇♦ ❧♦❝❛❧ ❝❧♦❝❦s ❝❛♥♥♦t ❜❡ ✐♥ ✷ ❞✐✛❡r❡♥t ❤♦❧❡s✱ ♦t❤❡r✇✐s❡
t❤❡r❡ ✐s ♥♦ ❧♦❝❛❧ r❡❧❛t✐♦♥ ❝❛♥ ❜❡ ✜♥❞ ❜❡t✇❡❡♥ t❤❡♠✳ ❙♦ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ s✐t✉❛t✐♦♥ ✐s t❤❡ t✇♦ ❧♦❝❛❧ ❝❧♦❝❦s
❛r❡ ✐♥ t❤❡ s❛♠❡ ❤♦❧❡✳ ❈❛s❡ ✸ ♦❢ t❤❡ t❤❡♦r❡♠ ✷ ❝♦✈❡rs t❤❡ s✐t✉❛t✐♦♥✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✐❢ t❤❡ r❡❧❛t✐♦♥ ♦❢ t✇♦ ❣❧♦❜❛❧ ❝❧♦❝❦ Cg1✱ Cg2 ∈ CG ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❜② t❤❡ ❧♦❝❛❧ ❝❧♦❝❦ r❡❧❛t✐♦♥s
❢r♦♠ R˜J ✱ t❤❡② ♠✉st ❜❡❧♦♥❣ t♦ ♦♥❡ ♦❢ t❤❡ ❢♦✉r ❝❛s❡s ♦❢ t❤❡♦r❡♠ ✷✳
✽ ❆ss❡♠❜❧✐♥❣ ❛ ♠✉❧t✐✲❧❛②❡rs t✐♠❡❞✲♣◆❡ts s②st❡♠
❆❢t❡r ❣❡♥❡r❛t✐♥❣ ❛ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ❛ t✐♠❡❞✲♣◆❡ts ♥♦❞❡✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❣❡♥❡r❛t❡❞ t✐♠❡❞ s♣❡❝✐✜✲
❝❛t✐♦♥ t♦ ♣r♦✈❡ t❤❛t ✐t ✇♦✉❧❞ ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛ ❤♦❧❡ ♦❢ ❛ ❤✐❣❤❡r✲❧❡✈❡❧ ♣◆❡t✳ ❚❤✐s
✇❛②✱ ❛ ❧❛②❡r❡❞ tr❡❡ str✉❝t✉r❡ ❝❛♥ ❜❡ ❜✉✐❧t ❛s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳ ✶✻✳ ■♥ t❤✐s str✉❝t✉r❡✱ ❡❛❝❤ ❧❛②❡r ✉s❡s ❛♥
❛❜str❛❝t✐♦♥ ♦❢ ✐ts ❧♦✇❡r ❧❛②❡r✳ ❚❤❡ ❝❧♦❝❦s ✐♥ t❤❡ ❧♦✇❡r ❧❛②❡r ✭❛t ❧❡✈❡❧ ◆✮ ❛r❡ tr❛♥s♣❛r❡♥t t♦ ✐ts ❛❜str❛❝t
❧❛②❡r ✭❛t ❧❡✈❡❧ ◆✰✶✮ ✐♥ ✇❤✐❝❤ ♦♥❧② ❤♦❧❡s ✇✐t❤ ✐ts t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ✭TSj✮✱ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs ✭Vi✮ ❛♥❞
❣❧♦❜❛❧ ❝❧♦❝❦s ✭Cg✮ ❝❛♥ ❜❡ s❡❡♥✳
❋✐❣✉r❡ ✶✻✿ ▲❛②❡r❡❞ ❙tr✉❝t✉r❡
❆s ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ t❤✐s ❝♦♥str✉❝t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❛ ✈❡r② ✢❡①✐❜❧❡ ✇❛② ❡✐t❤❡r ❜♦tt♦♠✲✉♣
♦r t♦♣✲❞♦✇♥✳ ❚❤❡ r❡s✉❧t t✐♠❡❞✲♣◆❡t s②st❡♠ ❝❛♥ ❜❡ ♦♣❡♥ ✭✐❢ ✐t st✐❧❧ ❝♦♥t❛✐♥s s♦♠❡ ✉♥✜❧❧❡❞ ❤♦❧❡s ❛t t❤❡
❧❡❛✈❡s✮✱ ♦r ❝❧♦s❡❞ ✐❢ ❛❧❧ ❤♦❧❡s ❛r❡ ✜❧❧❡❞ ✇✐t❤ t✐♠❡❞✲♣◆❡ts ❛♥❞ t✐♠❡❞✲♣▲❚❙✳
❊①❛♠♣❧❡ ✾✳ ❲❡ ♥♦✇ ❤❛✈❡ ❛❧❧ ❡❧❡♠❡♥ts r❡q✉✐r❡❞ ❢♦r ❝❤❡❝❦✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ♦❢ ♦✉r t✐♠❡❞✲♣▲❚❙s ✇✐t❤
t❤❡ ❤♦❧❡s ♦❢ t❤❡ ✉♣♣❡r ❧❛②❡r ♣◆❡t✳ ▲❡t ✉s ❧♦♦❦ ❛t ✏❈♦♠♠■♥✐✑ ❛s ❛♥ ❡①❛♠♣❧❡✿
✲ t❤❡ r❡❧❛t✐♦♥ s❡t ♦❢ t❤❡ ❤♦❧❡ ✏❈♦♠♠■♥✐✑ ❢♦r ♦♣❡♥ t✐♠❡❞✲♣◆❡ts ✐s RCommIni = {C?Cmd ≺ C
{2s−1}s∈N
!notify ,
C
{2s−1}s∈N
!notify ≺ C
{2s}s∈N
!notify , C
{2s−1}s∈N
!notify ≺ C
{2s−1}s∈N
?ack , C
{2s}s∈N
!notify ≺ C
{2s}s∈N
?ack , C
{2s−1}s∈N
?ack ≺ C
{2s}s∈N
?ack ,
C
{2s}s∈N
?ack ≺ C!R ≺ C
∆(1)
?cmd}✱
✲ t❤❡ r❡❧❛t✐♦♥ s❡t ♦❢ t❤❡ ✏❈♦♠♠■♥✐✧ t✐♠❡❞✲♣▲❚❙ ❝♦♠♣♦♥❡♥t ❢r♦♠ ❋✐❣✳ ✶✹ ❛s R′Commini = {C?Cmd ≺
C
{2s−1}s∈N
!notify ≺ C
{2s}s∈N
!notify ≺ C
{2s−1}s∈N
?ack ≺ C
{2s}s∈N
?ack ≺ Cτ ≺ C!R ≺ C
∆(1)
?cmd}✳
❙✐♥❝❡ ✇❡ ❝❛♥ ❡❛s✐❧② ❣❡t R{CommIni} ⊆ R
′
Commini✱ ❛❝❝♦r❞✐♥❣ t♦ ■♥❝❧✉s✐♦♥ ❞❡✜♥✐t✐♦♥ ✇❡ ❤❛✈❡ TS{CommIni} ≪
TS′Commini ✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ✏❈♦♠♠■♥✐✑ t✐♠❡❞✲♣▲❚❙ ✐s
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❤♦❧❡ ✏❈♦♠♠■♥✐✑✳
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✷✺
❚❤❡ ✈❛❧✐❞❛t✐♦♥s t❤❛t ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ♦✉r ♣❛♣❡r✱ ♥❛♠❡❧② t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ♦❢ ❤♦❧❡ ❝♦♠♣♦s✐t✐♦♥✱
❛♥❞ t❤❡ ❝♦♥✢✐❝t ❞❡t❡❝t✐♦♥ ❜❡t✇❡❡♥ t✐♠❡❞✲♣◆❡ts s②♥❝❤r♦♥✐③❛t✐♦♥ ✈❡❝t♦rs✱ ❡♥s✉r❡ s♦♠❡ s♣❡❝✐✜❝ ✈❛❧✐❞✐t②
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣❧♦❜❛❧ ❚✐♠❡ ❙♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ s②st❡♠✱ ❛s ❞❡✜♥❡❞ ❜② ❉❡✜♥✐t✐♦♥ ✶✹✳ ❍♦✇❡✈❡r✱ t❤✐s ❞♦❡s
♥♦t ♠❡❛♥ t❤❛t t❤❡r❡ ❝❛♥♥♦t ❜❡ ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥✢✐❝ts ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ♠♦r❡ t❤❛♥ ✷ ❤♦❧❡s ♦❢
❛ t✐♠❡❞✲♣◆❡ts✱ ♦r ♠♦r❡ s♣❡❝✐✜❝ t✐♠❡❞ ♣r♦♣❡rt✐❡s t❤❛t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ r❡✜♥❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢
s♦♠❡ s✉❜✲♥❡ts✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ✉s❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ❚✐♠❡❙q✉❛r❡ t♦♦❧✱ t♦ ❛❞❞r❡ss
s✉❝❤ ❝❛s❡s✳
✾ ❙✐♠✉❧❛t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ✉s❡ ❚✐♠❡❙q✉❛r❡ ❬❉▼✶✷❪ t♦ ❞❡t❡❝t ❝♦♠♣❧❡① ❝♦♥✢✐❝ts ♦❢ t✐♠❡❞✲♣◆❡ts✳
❚✇♦ ✐♥♣✉ts ❛r❡ r❡q✉✐r❡❞ ❜② ❚✐♠❡❙q✉❛r❡ ✭s❡❡ t❤❡ ❋✐❣✳ ✶✼✮✳ ❖♥❡ ✐s ❛♥ ♦♣❡♥ t✐♠❡❞✲♣◆❡ts s②st❡♠✳ ❆♥♦t❤❡r
✐s ❛ s❡t ♦❢ r❡✜♥❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✳ ■❢ ❛ ❝❧♦s❡❞ t✐♠❡❞✲♣◆❡ts ❝♦♠♣♦s❡❞ ❜② t❤♦s❡ r❡✜♥❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥s
❤❛s ♥♦ ❝♦♥✢✐❝t✱ ✇❡ s❛② t❤❡ ❝❧♦s❡❞ t✐♠❡❞✲♣◆❡ts ✐s s❛❢❡✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❚✐♠❡❙q✉❛r❡ r❡♣♦rts ✈✐♦❧❛t✐♦♥s✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t ❝♦♥✢✐❝ts ❡①✐st ✐♥ t❤❡ ❝❧♦s❡❞ t✐♠❡❞✲♣◆❡ts s②st❡♠✳ ❇❡❢♦r❡ r✉♥♥✐♥❣ s✐♠✉❧❛t✐♦♥s✱ t❤❡ t✇♦
✐♥♣✉ts ❛r❡ tr❛♥s❧❛t❡❞ ✐♥t♦ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s t❤❛t ❛r❡ ❛❝❝❡♣t❛❜❧❡ ❢♦r♠❛t ❢♦r ❚✐♠❡❙q✉❛r❡✳ ❚❤❡ ✇❛② ♦❢
❣❡♥❡r❛t✐♥❣ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✻ ❛♥❞ ✼✳
❋✐❣✉r❡ ✶✼✿ Pr♦♣❡rt② ❈❤❡❝❦✐♥❣ ❜② ❚✐♠❡❙q✉❛r❡
✾✳✶ ❙✐♠✉❧❛t✐♦♥ ✶✿
❼ ❲❡ t❛❦❡ t❤❡ s②st❡♠ s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳ ✾ ❛s ❛♥ ❡①❛♠♣❧❡✳ ❲❡ ✜rst ❜✉✐❧❞ ❛♥ ♦♣❡♥ t✐♠❡❞✲♣◆❡t ♥♦❞❡
✇✐t❤ t❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ ❤♦❧❡s ✭ TS✿ TS{CommIni}✱ TS{ChannelNtf [m]}✱ TS{ChannelAck[m]}✱
TS{CommRes[m]}✮ ❛♥❞ s②♥❝❤r♦♥♦✉s ✈❡❝t♦rs ✭Vi✮✱ ❜② ✇❤✐❝❤ ✇❡ ❝❛♥ ❣❡♥❡r❛t❡ ❣❧♦❜❛❧ ❝❧♦❝❦ r❡❧❛t✐♦♥s
✭✇❡ ❝❛❧❧ ✐t ❛♥ ❛❜str❛❝t s♣❡❝✐✜❝❛t✐♦♥✮✳ ❋r♦♠ s❡❝t✐♦♥ ✼✱ ✇❡ ❝❛♥ ❣❡t t❤❡ ❛❜str❛❝t s♣❡❝✐✜❝❛t✐♦♥ TSg =<
Cg, Rg > ✇✐t❤ Rg = {C?Cmdg5 ≺ Cnotifyg1[m] ≺ Cnotifyg2[m] ≺ Cackg3[m] ≺ Cackg4[m] ≺ C!Rg6 ❀
Cnotifyg1[1]
≺ Cnotifyg1[2]
❀ Cackg4[1] ≺ Cackg4[2]}✳ ❚❤❡♥ ✇❡ ✐♠♣♦rt t❤❡ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡
r❡✜♥❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤♦s❡ ❤♦❧❡s ✭TS′✿ TS′{CommIni}✱ TS
′
{ChannelNtf [m]}✱ TS
′
{ChannelAck[m]}✱
TS′{CommRes[m]}✮ t♦ r❡♣❧❛❝❡ TS✳ ❚❤❡ t✐♠❡❞✲♣◆❡ts ♥♦❞❡ t❤❛t ❝♦♠♣♦s❡❞ ❜② t❤❡s❡ r❡✜♥❡❞ ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥s ✐s ❝❛❧❧❡❞ ❝❧♦s❡❞ t✐♠❡❞✲♣◆❡ts ♥♦❞❡✳ ❆♥❞ ✐ts ❣❧♦❜❛❧ ❝❧♦❝❦ r❡❧❛t✐♦♥s ✐s ♥❛♠❡❞ ❝♦♥❝r❡t❡
s♣❡❝✐✜❝❛t✐♦♥ TS′g✳
❼ ❘❡s✉❧t ♦❢ ❙✐♠✉❧❛t✐♦♥ ✶✿ ❚❤❡ ❋✐❣✳ ✶✽ ✐❧❧✉str❛t❡s t❤❡ ❝♦♥❝r❡t❡ s♣❡❝✐✜❝❛t✐♦♥ TS′g✳ ■♥ t❤✐s ✜❣✉r❡✱
❡❛❝❤ ❧✐♥❡ ❞❡♠♦♥str❛t❡ ❛ ❝❧♦❝❦ ❛♥❞ t❤❡ r❡❞ ❛rr♦✇s ❞❡♠♦♥str❛t❡s t❤❡ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥s✳ ❋♦r
❘❘ ♥➦ ✽✺✷✻
✷✻ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
s✐♠♣❧✐✜❝❛t✐♦♥✱ ❤❡r❡ ✇❡ r❡♣r❡s❡♥t t✇♦ ❝②❝❧❡s ♦❢ s✐♠✉❧❛t✐♦♥✳ ❋r♦♠ t❤❡ ✜❣✉r❡ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡
❛❜str❛❝t s♣❡❝✐✜❝❛t✐♦♥ TSg ✐s s❛t✐s✜❡❞ ❜② t❤❡ r❡✜♥❡❞ ❝♦♥❝r❡t❡ s②st❡♠ s✐♥❝❡ ✇❡ ❤❛✈❡ TSg ≪ TS′g✳
❋✐❣✉r❡ ✶✽✿ s②st❡♠✬s s♣❡❝✐✜❝❛t✐♦♥ ❝❤❡❝❦✐♥❣
✾✳✷ ❙✐♠✉❧❛t✐♦♥ ✷✿
❼ ■♥ t❤✐s s✐♠✉❧❛t✐♦♥✱ ✇❡ ❝❤♦♦s❡ TS′{UpdatedCommIni} = {C?Cmd ≺ C
{2s−1}
!Notify ≺ C
{2s−1}
?Ack ≺ C
{2s}
!Notify ≺
C
{2s}
?Ack ≺ C!R ≺ C
∆(1)
?Cmd}✱ TS
′
{UpdatedCommRes[m]} = {C?NotifyInfo[m] ≺ CExchangeInfo[m] ≺ C!Ack[m]}
❛♥❞ ✇❡ ❛❞❞ ❛ s②♥❝❤r♦♥♦✉s ✈❡❝t♦r ❜❡t✇❡❡♥ ❤♦❧❡ CommRes[1] ❛♥❞ CommRes[2] t♦ ❣❡t ❛ ♥❡✇ r❡✲
❧❛t✐♦♥ RVnew = {CExchangeInfo[1] = CExchangeInfo[2] = CExchangeInfog11}✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ✉♣❞❛t❡❞
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❤♦❧❡ CommIni ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❛❜str❛❝t t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤✐s ❤♦❧❡
TS{CommIni} s✐♥❝❡ ✇❡ ❤❛✈❡ TS{CommIni} ≪ TS′{UpdatedCommIni}✳ ❆♥❞ t❤❡ s❛♠❡ t♦ t❤❡ ♦t❤❡r t✇♦
❤♦❧❡s CommRes[m] s✐♥❝❡ ✇❡ ❤❛✈❡ TS{CommRes[m]} ≪ TS′{UpdatedCommRes[m]}✳
❼ ❘❡s✉❧t ♦❢ s✐♠✉❧❛t✐♦♥ ✷✿ ❇② s✐♠✉❧❛t✐♦♥✱ ✇❡ ❢♦✉♥❞ ✈✐♦❧❛t✐♦♥s ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✶✾✳
❋✐❣✉r❡ ✶✾✿ ❈♦♥✢✐❝t ❉❡t❡❝t❡❞
❼ ❆♥❛❧②③✐♥❣ t❤❡ r❡s✉❧t✿ ❇② ❛♥❛❧②③✐♥❣ ♦✉r ✉♣❞❛t❡❞ ❝❧♦s❡❞ t✐♠❡❞✲♣◆❡ts✱ ✇❡ ❢♦✉♥❞ t❤❡ ❝♦♥✢✐❝t ✐s ❝❛✉s❡❞
❜② ❛ ❝②❝❧❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❋✐❣✳✷✵✳ ■♥ t❤✐s ❋✐❣✉r❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t❤❡♦r❡♠ ✷✱ ✇❡ ❝❛♥ ❣❡t t❤❡ s❡t
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✷✼
♦❢ ❣❧♦❜❛❧ r❡❧❛t✐♦♥s ❛s {CNotifyg1[2] ≺ CNotifyg2[2] ≺ CExchangeInfog7 ≺ CAckg3[1] ≺ CAckg4[1]}✳ ❖❜✈✐✲
♦✉s❧②✱ r❡❧❛t✐♦♥ {CNotifyg1[2] ≺ CAckg4[1]} ✐s ❤♦❧❞ ✐♥ t❡r♠s ♦❢ t❤❡ tr❛♥s✐t✐✈✐t② ♣r♦♣❡rt② ♦❢ ♣r❡❝❡❞❡♥❝❡
r❡❧❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❜② ✉s✐♥❣ t❤❡ t❤❡♦r❡♠ ✷ ❛❣❛✐♥✱ ❢r♦♠ t❤❡ TS′{UpdatedCommIni} ✇❡ ❝❛♥ ❣❡t t❤❡
r❡❧❛t✐♦♥ {CAckg4[1] ≺ CNotifyg1[2]} ✇❤✐❝❤ ✐s ❝♦♥tr❛❞✐❝t ✇✐t❤ t❤❡ r❡❧❛t✐♦♥ {CNotifyg1[2] ≺ CAckg4[1]}✳
❚♦ ✜① t❤❡ ❝♦♥✢✐❝t✱ ✇❡ ♥❡❡❞ t♦ ✜♥❞ ❛♥♦t❤❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥ t❤❛t st✐❧❧ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡s❡ ❤♦❧❡s
❜✉t ✇✐t❤♦✉t ♠❛❦✐♥❣ ❝♦♥✢✐❝ts✳ ❋♦r ♦✉r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ❥✉st s✐♠♣❧② ❝❤❛♥❣❡ t❤❡ TS′{UpdatedCommIni}
t♦ TS′{FixedCommIni} = {C?Cmd ≺ C
{2s−1}
!Notify ≺ C
{2s}
!Notify ≺ C
{2s−1}
?Ack ≺ C
{2s}
?Ack ≺ C!R ≺ C
∆(1)
?Cmd}✳ ❆♥❞
✐♥ t❤❡ ❡♥❞✱ ❜② s✐♠✉❧❛t✐♦♥✱ ♥♦ ❝♦♥✢✐❝t ❡①✐sts ❛♥② ♠♦r❡✳
❋✐❣✉r❡ ✷✵✿ s②st❡♠✬s s♣❡❝✐✜❝❛t✐♦♥ ❝❤❡❝❦✐♥❣
✶✵ ❈♦♥❝❧✉s✐♦♥
❚❤✐s ♣❛♣❡r ♣r♦♣♦s❡❞ ❛ ✢❡①✐❜❧❡ t✐♠❡✲r❡❧❛t❡❞ ❜❡❤❛✈✐♦r❛❧ s❡♠❛♥t✐❝ ♠♦❞❡❧ ✭❝❛❧❧❡❞ ❚✐♠❡❞✲♣◆❡ts✮ ❢♦r ♠♦❞✲
❡❧✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡❤❛✈✐♦r ♦❢ ❞✐str✐❜✉t❡❞ s②st❡♠s✳ ❲❡ s♣❡❝✐❢② ❛ s②st❡♠ ✇✐t❤ s❡✈❡r❛❧ ❝♦♠♣♦♥❡♥ts
❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡♠✳ ❲❡ ❛r❡ ❛❜❧❡ t♦ ❜✉✐❧❞ ❛ ❤✐❡r❛r❝❤✐❝❛❧ tr❡❡ str✉❝t✉r❡ ❢♦r ❝♦♠♣♦s✐♥❣
❝♦♠♣❧✐❝❛t❡❞ ❝♦♠♣♦♥❡♥t✲❜❛s❡❞ s②st❡♠s✳ ❚❤❡ r❡✜♥❡♠❡♥t ❛♥❞ ❝♦♠♣❛t✐❜✐❧✐t② ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♣❛♣❡r✳
❆♥ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ✐s ❣✐✈❡♥ t♦ r❡♣r❡s❡♥t ❤♦✇ t♦ ❜✉✐❧❞ ❛ ❤✐❡r❛r❝❤✐❝❛❧ s♣❡❝✐✜❝❛t✐♦♥
❛♥❞ ❤♦✇ t♦ r❡✜♥❡ t❤❡ s②st❡♠✳ ■♥ t❤❡ ❡♥❞✱ ✇❡ ✉s❡ ❚✐♠❡❙q✉❛r❡ t♦ ❝❤❡❝❦ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ♦❢ t❤❡ r❡✜♥❡❞
s②st❡♠✳
❚❤r❡❡ ❛❞✈❛♥t❛❣❡s ❛r❡ ✐♠♣❧✐❡❞ ✐♥ ♦✉r ♠♦❞❡❧✿ ✜rst✱ ❜② ✐♥tr♦❞✉❝✐♥❣ ❧♦❣✐❝❛❧ ❝❧♦❝❦ r❡❧❛t✐♦♥s✱ t✐♠❡❞✲♣◆❡ts
♠♦❞❡❧ ✐s ❛❜❧❡ t♦ s♣❡❝✐❢② t❤❡ s②st❡♠✬s t✐♠❡✲r❡❧❛t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡❤❛✈✐♦r ❝♦♥str❛✐♥s ✇✐t❤♦✉t r❡❧②✐♥❣ ♦♥
♣❤②s✐❝❛❧ ❝♦♠♠♦♥ ❝❧♦❝❦❀ s❡❝♦♥❞✱ ❜② ✉s✐♥❣ t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s✱ ♦✉r ♠♦❞❡❧ ✐s ❡❛s② t♦ ❜❡ ❝♦♠♣♦s❡❞ ❛♥❞ ❤❛s
t❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ ❜✉✐❧❞✐♥❣ ❛ ❤✐❡r❛r❝❤✐❝❛❧ str✉❝t✉r❡❀ t❤❡ ❧❛st ❜✉t ♥♦t t❤❡ ❧❡❛st✱ ♦✉r ♠♦❞❡❧ ❝❛♥ ✢❡①✐❜❧❡ ♠♦❞❡❧
❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥❝❧✉❞✐♥❣ s②♥❝❤r♦♥♦✉s ❛♥❞ ❛s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥s ❜② ✐♥tr♦❞✉❝✐♥❣
❝❤❛♥♥❡❧ ▲❚❙✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡ t✐♠❡❞✲♣◆❡ts ♠♦❞❡❧ ✐s ❤❡❧♣❢✉❧ ❢♦r ❛♥❛❧②③✐♥❣ t❤❡ t✐♠❡✲r❡❧❛t❡❞ ❜❡❤❛✈✐♦rs
❢♦r ❞✐str✐❜✉t❡❞ s②st❡♠s ✐♥❝❧✉❞✐♥❣ ❝②❜❡r ♣❤②s✐❝❛❧ s②st❡♠s✳
❆❢t❡r ❝❤❡❝❦✐♥❣ t❤❡ s②st❡♠ ❝♦♠♣❛t✐❜✐❧✐t②✱ ❛♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ♣♦✐♥t ✐s t♦ ❝❤❡❝❦ s②st❡♠✬s ♣❤②s✐❝❛❧ t✐♠❡
❝♦♥str❛✐♥s s✉❝❤ ❛s ❞❡❛❞❧✐♥❡ ♣r♦♣❡rt② t❤❛t ❡①♣r❡ss❡s ✇❤❡t❤❡r s②st❡♠ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧❧②
✜♥✐s❤❡❞ ❜❡❢♦r❡ ❛ ❝❡rt❛✐♥ ❞❡❛❞❧✐♥❡✳ ❚♦ ❝❤❡❝❦ t❤✐s✱ ✇❡ s❤❛❧❧ ❝❤♦♦s❡ ❛ r❡❢❡r❡♥❝❡ ❝❧♦❝❦ ❛♥❞ s♣❡❝✐❢② t❤❡ ❞❡❧❛②
❝♦♥str❛✐♥s ✐♥ t❡r♠s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❝❧♦❝❦✳ ■♥ t❤✐s ♣❛♣❡r✱ ❡✈❡♥ t❤♦✉❣❤ ✇❡ ❞❡✜♥❡ ❞❡❧❛② ✈❛r✐❛❜❧❡s ❢♦r ❛❝t✐♦♥s✱
✇❡ ❞♦ ♥♦t ♣r♦✈✐❞❡ ❛ ✇❛② t♦ s♣❡❝✐❢② ❞❡❧❛② ❝♦♥str❛✐♥s ❤❡r❡✱ ❜❡❝❛✉s❡ ✐t ✐s ♥♦t ❛ ♠❛✐♥ t♦♣✐❝ ❢♦r t❤✐s ♣❛♣❡r✳
■♥ ♦✉r ❢✉t✉r❡ ✇♦r❦ ✇❡ ✇✐❧❧ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧ ❢♦r s♣❡❝✐❢②✐♥❣ t❤❡ ❞❡❧❛② ❝♦♥str❛✐♥s ❛♥❞ ❝❤❡❝❦ s②st❡♠✬s t✐♠❡
♣r♦♣❡rt✐❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♣❧❛♥ t♦ ❡①t❡♥❞ t❤❡ ❝✉rr❡♥t ♠♦❞❡❧ t✐♠❡❞✲♣◆❡ts t♦ ❛ ♥❡✇ ❞✉r❛t✐♦♥✲♣◆❡ts s♦
t❤❛t ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ t❤❡ s②st❡♠✬s ❜❡❤❛✈✐♦rs ✇❤♦s❡ ❡①❡❝✉t✐♦♥ t❛❦❡s t✐♠❡✳ ▼❡❛♥✇❤✐❧❡✱ ✇❡ ✇✐❧❧ ♣r♦♣♦s❡
❛ ✇❛② t♦ ❞❡✜♥❡ ❞❡❧❛② ❝♦♥str❛✐♥s ❢♦r ❝❤❡❝❦✐♥❣ t❤❡ s②st❡♠✬s t✐♠❡ ♣r♦♣❡rt✐❡s✳ ■t ❛❧s♦ ❧♦♦❦s ✐♥t❡r❡st✐♥❣ t♦
tr❛♥s❧❛t❡ ♦✉r s②st❡♠ t♦ ❜♦♦❧❡❛♥ ❛✉t♦♠❛t❛ t♦ ✈❡r✐❢② t❤❡ s②st❡♠✬s ♣r♦♣❡rt✐❡s✳
❘❘ ♥➦ ✽✺✷✻
✷✽ ❈❤❡♥ ✫ ❈❤❡♥ ✫ ▼❛❞❡❧❛✐♥❡
✶✶ ❘❡❧❛t❡❞ ✇♦r❦
❙♦♠❡ ❢♦r♠❛❧ ♠♦❞❡❧s ♦r ❢r❛♠❡✇♦r❦s ✇✐t❤ t✐♠❡ ❝♦♥str❛✐♥ts ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ ❞❡s❝r✐❜❡ t✐♠❡ s②st❡♠s✳
●❧♦❜❛❧❧② ❆s②♥❝❤r♦♥♦✉s ▲♦❝❛❧❧② ❙②♥❝❤r♦♥♦✉s ✭●❆▲❙✮ ❬❈❤❛✽✹❪ ✐s ❛ ♠♦❞❡❧ ♦❢ ❝♦♠♣✉t❛t✐♦♥ t❤❛t ❛❧❧♦✇s
t♦ ❞❡s✐❣♥ ❝♦♠♣✉t❡r s②st❡♠s ❝♦♥s✐st✐♥❣ ♦❢ s❡✈❡r❛❧ s②♥❝❤r♦♥♦✉s ❝♦♠♣♦♥❡♥ts ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❡❛❝❤ ♦t❤❡r
✇✐t❤ ❛s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ❡✳❣✳✱ ❋■❋❖s✳ ■t ❝❛♥ ❜❡ ✉s❡❞ ❜♦t❤ ✐♥ s♦❢t✇❛r❡ ❛♥❞ ❤❛r❞✇❛r❡✳ ■♥
s♦❢t✇❛r❡✱ t❤❡s❡ s②♥❝❤r♦♥♦✉s ❝♦♠♣♦♥❡♥ts ✉s✉❛❧❧② ❛r❡ s♣❡❝✐✜❡❞ ❛s ❋✐♥✐t❡ ❙t❛t❡ ▼❛❝❤✐♥❡s ✭❋❙▼s✮ ❛♥❞ t❤❡
❛s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡♠ ✐s ♠♦❞❡❧❡❞ ✇✐t❤ ❛ ❜✉✛❡r ❬❈●❏+✾✹❪✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ●❆▲❙
❛♣♣r♦❛❝❤ ♣r♦✈✐❞❡s ❛ ♠❡t❤♦❞♦❧♦❣② ❢♦r ❝♦♠❜✐♥✐♥❣ ❝♦♥❝✉rr❡♥t ❡♠❜❡❞❞❡❞ s②st❡♠s ✇✐t❤✐♥ ❧♦♦s❡❧② ❝♦✉♣❧❡❞
s②st❡♠s✳ ❙✐♠✐❧❛r t♦ t❤❡ ✐❞❡❛ ♦❢ ●❆▲❙✱ ▼✳ ❙❡rr❛♥♦ ❞❡s✐❣♥❡❞ t❤❡ ❍✐♣❍♦♣ ❧❛♥❣✉❛❣❡ ❬❇◆❙✶✶❪ t❤❛t ❢♦❧❧♦✇s
t❤❡ s②♥❝❤r♦♥♦✉s r❡❛❝t✐✈❡ ♠♦❞❡❧ ♦❢ t❤❡ ▼✉❧t✐❝❧♦❝❦ ❊st❡r❡❧ ❬❇❙✵✶❪ t♦ s♣❡❝✐❢② r❡❛❝t✐✈❡ ♣r♦❣r❛♠ ❜② ❞❡❛❧✐♥❣
✇✐t❤ ❛❜str❛❝t ❡✈❡♥ts ❛♥❞ t❤❡✐r r❡❛❝t✐♦♥s✳
❖✉r ♠♦❞❡❧ ♣❛rt❧② t❛❦❡s t❤✐s ✐❞❡❛ t♦ s♣❡❝✐❢② ❜♦t❤ s②♥❝❤r♦♥♦✉s ❛♥❞ ❛s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❚❤❡
♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✇❡ s♣❡❝✐❢② t❤❡ s②♥❝❤r♦♥♦✉s ❝♦♠♣♦♥❡♥ts ❛s t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s ✭❛ s❡t ♦❢ ❝❧♦❝❦s
❛♥❞ ❝❧♦❝❦ r❡❧❛t✐♦♥s✮ ✐♥st❡❛❞ ♦❢ ❋❙▼s✳ ▼♦r❡♦✈❡r✱ t❤❡ s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛r❡ s♣❡❝✐✜❡❞ ❜② t❤❡
❝♦✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❝❧♦❝❦s t❤❛t ❝♦♠❡ ❢r♦♠ ❞✐✛❡r❡♥t t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s✱ ✇❤✐❧❡ t❤❡ ❛s②♥❝❤r♦♥♦✉s
❝♦♠♠✉♥✐❝❛t✐♦♥s ❛r❡ ♠♦❞❡❧❡❞ ❜② ❝❤❛♥♥❡❧s ✐♥ ✇❤✐❝❤ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥s ❛r❡ ❛♣♣❧✐❡❞ ♦♥ t✇♦ ❝❧♦❝❦s✳
❚✐♠❡❞✲❛✉t♦♠❛t❛ ❬❆❉✾✹❪ ✐s ❢❛♠♦✉s ❢♦r ♠♦❞❡❧✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ r❡❛❧✲t✐♠❡ s②st❡♠s✳ ❚❤❡② ♣r♦✈✐❞❡❞ ❛
s✐♠♣❧❡ ❛♥❞ ♣♦✇❡r❢✉❧ ✇❛② t♦ ❛♥♥♦t❛t❡ st❛t❡ tr❛♥s✐t✐♦♥ ❣r❛♣❤s ✇✐t❤ t✐♠❡ ❝♦♥str❛✐♥ts ✉s✐♥❣ ✜♥✐t❡❧② r❡❛❧✲✈❛❧✉❡
❝❧♦❝❦s✳ ❈❧♦s✉r❡ ♣r♦♣❡rt✐❡s✱ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠s ❛s ✇❡❧❧ ❛s ❛✉t♦♠❛t✐❝ ✈❡r✐✜❝❛t✐♦♥ ♦❢ r❡❛❧✲t✐♠❡ r❡q✉✐r❡♠❡♥ts
✇❡r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t✐♠❡❞✲❛✉t♦♠❛t❛ ❛♥❞ s✉♣♣♦rt❡❞ ❜② s❡✈❡r❛❧ t♦♦❧s ❧✐❦❡ ❯PP❆❆▲ ❬❇▲▲+✾✺❪✳ ❚✐♠❡❞✲
❛✉t♦♠❛t❛ ❝❛♥ ❜❡ ❛ ❣♦♦❞ r❡❢❡r❡♥❝❡ ❢♦r ❜✉✐❧❞✐♥❣ ❛♥❞ ✈❡r✐❢②✐♥❣ t✐♠❡❞ ♠♦❞❡❧s✳ ❍♦✇❡✈❡r✱ t❤❡ ❝❧♦❝❦s ✐♥
t✐♠❡❞✲❛✉t♦♠❛t❛ ❛r❡ ❛ ✜♥✐t❡ s❡t ♦❢ r❡❛❧✲✈❛❧✉❡❞ ❝❧♦❝❦s ✇❤♦s❡ ✈❛❧✉❡s ✐♥❝r❡❛s❡ ❛❧❧ ✇✐t❤ t❤❡ s❛♠❡ s♣❡❡❞✳ ❚❤✐s
❢❡❛t✉r❡ ❞♦❡s ♥♦t ❤❡❧♣ ✉s t♦ ♠♦❞❡❧ s②st❡♠s ❝♦♥s✐st✐♥❣ ♦❢ ✐♥❞❡♣❡♥❞❡♥t✲❝❧♦❝❦ ❞❡✈✐❝❡s✱ s✐♥❝❡ t❤❡s❡ ❝❧♦❝❦s
❢r♦♠ ❞✐✛❡r❡♥t ❞❡✈✐❝❡s ♠❛② ❤❛✈❡ ❞✐✛❡r❡♥t s♣❡❡❞✳
❇■P ❬❇❇❙✵✻❪ ✐s ❛ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣♦♥❡♥ts✳ ■t ❛❧❧♦✇s
❜✉✐❧❞✐♥❣ ❝♦♠♣❧❡① s②st❡♠s ❜② t❤❡❝♦♦r❞✐♥❛t✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ s❡t ♦❢ ❛t♦♠✐❝ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ♠❡t❤♦❞✲
♦❧♦❣② ❜❛s❡❞ ♦♥ t❤❡ t❤❡♦r② t❤❛t ❝♦♠♣♦♥❡♥ts ❛r❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤r❡❡ ❧❛②❡rs✳ ❚❤❡ ❧♦✇❡st
❧❛②❡r ❛r❡ t❤❡ ❝♦♠♣♦♥❡♥t ❜❡❤❛✈✐♦rs t❤❛t ❛r❡ ❞❡s❝r✐❜❡❞ ❛s ❛✉t♦♠❛t❛ ❡①t❡♥❞❡❞ ✇✐t❤ ❞❛t❛ ❛♥❞ ❢✉♥❝t✐♦♥s✳
❚❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❧❛②❡r ✐♥❝❧✉❞❡s ❛ s❡t ♦❢ ❝♦♥♥❡❝t♦rs ❞❡s❝r✐❜✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ tr❛♥s✐t✐♦♥s ♦❢
t❤❡ ❜❡❤❛✈✐♦rs✳ ❚❤❡ ✉♣♣❡r ❧❛②❡r ✐s ❛ s❡t ♦❢ ♣r✐♦r✐t② r✉❧❡s ❞❡s❝r✐❜✐♥❣ s❝❤❡❞✉❧✐♥❣ ♣♦❧✐❝✐❡s ❢♦r ✐♥t❡r❛❝t✐♦♥s✳
❇■P ❡♥❝♦♠♣❛ss❡s ❤❡t❡r♦❣❡♥❡✐t②✳ ■t ♣r♦✈✐❞❡s ❛ ♣♦✇❡r❢✉❧ ♠❡❝❤❛♥✐s♠ ❢♦r str✉❝t✉r✐♥❣ ✐♥t❡r❛❝t✐♦♥s ✐♥✈♦❧✈✲
✐♥❣ str♦♥❣ s②♥❝❤r♦♥✐③❛t✐♦♥ ✭r❡♥❞❡③✈♦✉s✮ ♦r ✇❡❛❦ s②♥❝❤r♦♥✐③❛t✐♦♥ ✭❜r♦❛❞❝❛st✮✳ ❙②♥❝❤r♦♥♦✉s ❡①❡❝✉t✐♦♥ ✐s
❝❤❛r❛❝t❡r✐③❡❞ ❛s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t❤r❡❡ ❧❛②❡rs✳ ❍♦✇❡✈❡r✱ ♠♦❞❡❧✐♥❣ t✐♠❡❞ ❝♦♠♣♦♥❡♥ts
✐♥ ❇■P ✐♥✈♦❧✈❡s r❡❢❡r❡♥❝❡s t♦ ❛ s♣❡❝✐✜❝ ✏t✐❝❦✑ ♣♦rt ❡①♣r❡ss✐♥❣ t❤❡ ♣❛ss❛❣❡ ♦❢ ✭❞✐s❝r❡t❡✮ t✐♠❡✱ ❛♥❞ s✉❝❤
✏t✐❝❦✑ ❡✈❡♥ts ♠✉st ❜❡ s②♥❝❤r♦♥✐③❡❞ ❜❡t✇❡❡♥ ✈❛r✐♦✉s ❝♦♠♣♦♥❡♥ts ♦❢ ❛ s②st❡♠✱ ❜❡❢♦r❡ ❝♦♠♣✉t✐♥❣ ✇♦rst ❝❛s❡
❡①❡❝✉t✐♦♥ t✐♠❡ ✭❲❈❊❚✮ ♦r t❛s❦ ♣❡r✐♦❞ ♣r♦♣❡rt✐❡s✳ ❲✐t❤ ❝♦♥tr❛st t♦ t❤✐s ❛♣♣r♦❛❝❤✱ ✇❡ ❞♦ ♥♦t ✇❛♥t t♦
❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s✐♥❣❧❡ r❡❢❡r❡♥❝❡ ❝❧♦❝❦✱ ❜✉t r❛t❤❡r ❧❡t t❤❡ ✈❛r✐♦✉s ❝❧♦❝❦s ❛s ✉♥r❡❧❛t❡❞ ❛s ♣♦ss✐❜❧❡✳
▼♦❞❡❧✐♥❣ ❛♥❞ ❆♥❛❧②s✐s ♦❢ ❘❡❛❧✲❚✐♠❡ ❛♥❞ ❊♠❜❡❞❞❡❞ ❙②st❡♠ ✭▼❆❘❚❊✮❬✇✇✇❪ ✐s ❛♥ s♣❡❝✐❛❧ ❡①t❡♥s✐♦♥
♦❢ ❯▼▲ ❢♦r ♠♦❞❡❧✐♥❣ r❡❛❧✲t✐♠❡ ❡♠❜❡❞❞❡❞ s②st❡♠s✳ ■t ❞❡✜♥❡s t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧✲❜❛s❡❞ ❞❡s❝r✐♣t✐♦♥ ❢♦r
r❡❛❧✲t✐♠❡ ❛♥❞ ❡♠❜❡❞❞❡❞ s②st❡♠s ❛♥❞ ♣r♦✈✐❞❡s ❢❛❝✐❧✐t✐❡s t♦ ❛♥♥♦t❛t❡ ♠♦❞❡❧s ✇✐t❤ ✐♥❢♦r♠❛t✐♦♥ r❡q✉✐r❡❞ t♦
♣❡r❢♦r♠ s♣❡❝✐✜❝ ❛♥❛❧②s✐s✳ ■t s✉♣♣♦rts ♠♦❞❡❧✐♥❣ ❛♥❞ ❛♥❛❧②s✐s ♦❢ ❝♦♠♣♦♥❡♥t✲❜❛s❡❞ ❛r❝❤✐t❡❝t✉r❡s✱ ❛s ✇❡❧❧
❛s ❛ ✈❛r✐❡t② ♦❢ ❞✐✛❡r❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❛r❛❞✐❣♠s ✭❛s②♥❝❤r♦♥♦✉s✱ s②♥❝❤r♦♥♦✉s✱ ❛♥❞ t✐♠❡❞✮✳ ❘❡❝❡♥t❧②✱
t❤❡ ✐❞❡❛ ♦❢ ❧♦❣✐❝❛❧ t✐♠❡ ❛♥❞ ❈❧♦❝❦ ❈♦♥str❛✐♥t ❙♣❡❝✐✜❝❛t✐♦♥ ▲❛♥❣✉❛❣❡ ✭❈❈❙▲✮ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥t♦
▼❆❘❚❊ ❢♦r ✐ts ❡①t❡♥s✐♦♥ ♦❢ ♠♦❞❡❧✐♥❣ ❞✐str✐❜✉t❡❞ s②st❡♠s✳ ❙♦ ✐t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❤❡❝❦ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥
❛♥❞ ❝❛✉s❛❧✐t② ♣❛t❤ ❝♦rr❡❝t♥❡ss ❜② ✐♥tr♦❞✉❝✐♥❣ ❡✈❡♥t r❡❧❛t✐♦♥s ✐♥t♦ ♠♦❞❡❧s✳ ❍♦✇❡✈❡r ▼❆❘❚❊ ❯▼▲ ✐s
❧❛r❣❡ ❛♥❞ ❝♦♠♣❧❡①✳ ■t ❝♦♠♣r✐s❡s ♠❛♥② ❞✐✛❡r❡♥t ❝♦♥❝❡♣ts ❛♥❞ s❡♠❛♥t✐❝s t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞✳ ❙✐♥❝❡ ✇❡
✇♦✉❧❞ ❧✐❦❡ t♦ ❦❡❡♣ t❤❡ s❡♠❛♥t✐❝ ❛s s✐♠♣❧❡ ❛s ♣♦ss✐❜❧❡✱ ✇❡ ❝❤♦♦s❡ ♣◆❡t ✐♥st❡❛❞ ♦❢ ▼❆❘❚❊ t♦ ✐♠♣❧② ♦✉r
■♥r✐❛
❚✐♠❡❞✲♣◆❡ts ✷✾
✐❞❡❛✳
Pr♦❣r❛♠♠✐♥❣ ❚❡♠♣♦r❛❧❧② ■♥t❡❣r❛t❡❞ ❉✐str✐❜✉t❡❞ ❊♠❜❡❞❞❡❞ ❙②st❡♠s ✭P❚■❉❊❙✮ ❬❊▲▼+✶✷❪ s❡r✈❡s ❛s
❛ ❝♦♦r❞✐♥❛t✐♦♥ ❧❛♥❣✉❛❣❡ ❢♦r ♠♦❞❡❧✲❜❛s❡❞ ❞❡s✐❣♥ ♦❢ ❞✐str✐❜✉t❡❞ r❡❛❧✲t✐♠❡ ❡♠❜❡❞❞❡❞ s②st❡♠s✳ ■t ❡①t❡♥❞s
t❤❡ ❞✐s❝r❡t❡✲❡✈❡♥t ♠♦❞❡❧ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ❛ ❝❛r❡❢✉❧❧② ❝❤♦s❡♥ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ r❡❛❧ t✐♠❡ ❛♥❞
♠♦❞❡❧ t✐♠❡✳ P❚■❉❊❙ ♣r♦✈✐❞❡s ❛ ❢r❛♠❡✇♦r❦ ❢♦r ❡①♣❧♦r✐♥❣ ❛ ❢❛♠✐❧② ♦❢ ❡①❡❝✉t✐♦♥ str❛t❡❣✐❡s ❢♦r ❞✐str✐❜✉t❡❞
❡♠❜❡❞❞❡❞ s②st❡♠s s♦ t❤❛t ✐t ❝❛♥ ❞✐r❡❝t❧② ❝♦♥❢r♦♥t t❤❡ ♠✉❧t✐❢♦r♠ ♥❛t✉r❡ ♦❢ t✐♠❡ ✐♥ ❞✐str✐❜✉t❡❞ s②st❡♠s✳
❙✐♠✉❧❛t✐♦♥s ♦❢ ✐t ❝❛♥ s✐♠✉❧t❛♥❡♦✉s❧② ❤❛✈❡ ♠❛♥② t✐♠❡ ❧✐♥❡s✱ ✇✐t❤ ❡✈❡♥ts t❤❛t ❛r❡ ❧♦❣✐❝❛❧❧② ♦r ♣❤②s✐❝❛❧❧②
♣❧❛❝❡❞ ♦♥ t❤❡s❡ t✐♠❡ ❧✐♥❡s✳ ❆s ❢❛r ❛s ✇❡ ❦♥♦✇✱ t❤❡② ❤❛✈❡ s♦♠❡ s❡♠❛♥t✐❝s ❢♦r t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥
❡✈❡♥ts t♦ ♠♦❞❡❧ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♦❢ ❞✐str✐❜✉t❡❞ s②st❡♠s✳ ❍♦✇❡✈❡r✱ ✇❡ ♥❡❡❞ ♠♦r❡ ♠❛t✉r❡ ❝♦♠♠✉♥✐✲
❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❧✐❦❡ ❛s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ❜r♦❛❞❝❛st✐♥❣✱ ❛s ✇❡❧❧ ❛s ♠♦r❡ ❝♦♠♣❛t✐❜❧❡ ✇❛② ♦❢
♠♦❞❡❧✐♥❣ s②st❡♠✱ ✇❤✐❝❤ ❛r❡ ♥♦t ②❡t s✉♣♣♦rt❡❞ ✐♥ P❚■❉❊❙✳
❚✐♠❡❞ P❡tr✐ ♥❡ts ✭❚❞P◆s✮ ❬❱❘❞❋❊❈●✾✾❪ ✐s ♦♥❡ ♦❢ s❡✈❡r❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ❧❛♥❣✉❛❣❡s ❢♦r t❤❡
❞❡s❝r✐♣t✐♦♥ ♦❢ ❞✐str✐❜✉t❡❞ s②st❡♠s✳ ■t ✐s ✇✐❞❡❧② ✉s❡❞ ❢♦r t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❛♥❛❧②s✐s ♦❢ ❝♦♥❝✉rr❡♥t s②st❡♠s
✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t ❜❡❤❛✈✐♦r ❧✐❦❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s②st❡♠s✳ ■t ✐♥❝❧✉❞❡s ❛ s❡t ♦❢ ❞✐r❡❝t❡❞ ❜✐♣❛rt✐t❡ ❣r❛♣❤s✱
✐♥ ✇❤✐❝❤ t❤❡ ♥♦❞❡s r❡♣r❡s❡♥t tr❛♥s✐t✐♦♥s ✭✐✳❡✳ ❡✈❡♥ts t❤❛t ♠❛② ♦❝❝✉r✱ s✐❣♥✐✜❡❞ ❜② ❜❛rs✮ ❛♥❞ ♣❧❛❝❡s ✭✐✳❡✳
❝♦♥❞✐t✐♦♥s✱ s✐❣♥✐✜❡❞ ❜② ❝✐r❝❧❡s✮✳ ❚❤❡ ❞✐r❡❝t❡❞ ❛r❝s ❞❡s❝r✐❜❡ ✇❤✐❝❤ ♣❧❛❝❡s ❛r❡ ♣r❡✲ ❛♥❞✴♦r ♣♦st✲ ❝♦♥❞✐t✐♦♥s
❢♦r ✇❤✐❝❤ tr❛♥s✐t✐♦♥s ✭s✐❣♥✐✜❡❞ ❜② ❛rr♦✇s✮✳ ❊❛❝❤ ❛r❝ ❛ss♦❝✐❛t❡s ✇✐t❤ ❛♥ ✐♥t❡r✈❛❧ ✭♦r ❜❛❣ ♦❢ ✐♥t❡r✈❛❧s✮✳
■♥ ❚❞P◆s✱ ❡❛❝❤ t♦❦❡♥ ❤❛s ❛♥ ❛❣❡✳ ❚❤✐s ❛❣❡ ✐s ✐♥✐t✐❛❧❧② s❡t t♦ ❛ ✈❛❧✉❡ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✐♥t❡r✈❛❧ ♦❢ t❤❡
❛r❝ ✇❤✐❝❤ ❤❛s ♣r♦❞✉❝❡❞ ✐t ♦r s❡t t♦ ③❡r♦ ✐❢ ✐t ❜❡❧♦♥❣s t♦ t❤❡ ✐♥✐t✐❛❧ ♠❛r❦✐♥❣✳ ❆❢t❡r✇❛r❞s✱ ❛❣❡s ♦❢ t♦❦❡♥s
❡✈♦❧✈❡ s②♥❝❤r♦♥♦✉s❧② ✇✐t❤ t✐♠❡✳ ❆ tr❛♥s✐t✐♦♥ ♠❛② ❜❡ ✜r❡❞ ✐❢ t♦❦❡♥s ✇✐t❤ ❛❣❡ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✐♥t❡r✈❛❧s
♦❢ ✐ts ✐♥♣✉t ❛r❝s ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥✳ ❈♦♠♣❛r❡ t♦ t✐♠❡❞ P❡tr✐ ♥❡ts ✇❡ ✉s❡ ❛ t♦t❛❧
❞✐✛❡r❡♥t ✇❛② ❜② ♠❡❛♥s ♦❢ ❧❛❜❡❧ tr❛♥s✐t✐♦♥ s②st❡♠ ✭▲❚❙✮ t♦ ♠♦❞❡❧ t❤❡ s②st❡♠✬s ❜❡❤❛✈✐♦r✳ ❖✉r ♠♦❞❡❧ ❣r❛♣❤
❝♦♠♣r✐s❡s s♦♠❡ ♥✉♠❜❡r ♦❢ st❛t❡s✱ ✇✐t❤ ❛r❝s ❜❡t✇❡❡♥ t❤❡♠ ❧❛❜❡❧❡❞ ❜② ❛❝t✐✈✐t✐❡s ♦❢ t❤❡ s②st❡♠✳ ❲❡ ❝❤♦♦s❡
t♦ ♠♦❞❡❧ ♦✉r s②st❡♠ ❜② ♠❡❛♥s ♦❢ ❛❝t✐♦♥ ❜❛s❡❞ ▲❚❙ ❜❡❝❛✉s❡✿ ✶✮ ❖✉r ❣♦❛❧ ✐s t♦ ❝❤❡❝❦ t❤❡ ❝♦rr❡❝t♥❡ss
♦❢ s②st❡♠✬s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡❤❛✈✐♦r✱ ♥♦t t♦ ✈❡r✐❢② t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♣r♦❣r❛♠♠✐♥❣ ❝♦♠♣✉t❛t✐♦♥s✳ ❙♦
✇❡ ❤✐❞❡ t❤❡ ✉♥♥❡❝❡ss❛r② ❞❡t❛✐❧ ✐♥❢♦r♠❛t✐♦♥ ❧✐❦❡ st❛t❡ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❥✉st ❤✐❣❤❧✐❣❤t t❤❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t
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